Chapter 9

Toeplitz Inverse Eigenvalue Problem

e Overview
e Spectral properties of C(n)
e An example on the effect of parity assignment

e A Newton method in C(n)

e Numerical experiment

179



180 Lecture 9

Overview

e Symmetric Toeplitz Matrix T'(r):

bij = Tlimj+1-

e.g.
™ ) . rn—-1 Ty
T2 1 T'n—2 Tn-—1
T(r):=
T'n—1 1 T2
T'n T'n—1 T2 1

e Unit perdiagonal matrix J:
Jij = Oin—j+1.
¢ Symmetric vector, if Jv = wv.

¢ Skew-symmetric vector, if Jv = —w.

e Centrosymmetric matrix M:
Mi; = Mp—i+1n—j5+1-

o C(n):={M|M=MT,M=JMJ}.
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Questions & Known Results

e TolEP: Find r € R" such that T(r) has a pre-
scribed set of real numbers {\i,..., \,} as its
spectrum.

e Solvability has been a challenge.

o n > 5 is analytically intractable.

o Symmetric Toeplitz matrices can have arbitrary
real spectra. (Landau 94, nonconstructive proof
by topological degree argument).

¢ Eigenvalues cannot have arbitrary parity:.
e Numerical calculation is possible.

¢ n equations in n unknowns.

> Newton’s methods.
> Continuation methods.

o Mostly done in S(n).

e Can the calculation be done in C(n)? What are
the advantages?
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Spectral Properties of C(n)

e (Cantoni & Butler, '76) Any M € C(n):

n even odd
Az CT
T
M [éﬁu ' g o'J
C Jx JAJ
I 0 —J
V2K “_JJ} 042 0
I0 J
A—JC 0 0
A—JC 0
KMK" { 0 A+JC] 0 g V2T
0 V2 A+JC

oA, C,Je Rlaxal,

ox € Rl3l
©q € R.
o A= AT,
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e Orthonormal basis of eigenvectors:

Q=K'Z
P PR
oZ.—Z.—[O 7y |

> /1 := Eigenvectors of A — JC.

g 2z

> Zy = Eigenvectors of or A+
2 eV V2r A+ JC
JC'.
e Parity of eigenvectors:
OKT-Zl_ = | 2] sk mmetric eigenvector
o | = 5] skew-symmetric eigenvectors
= “Odd” eigenvalues.
0 | .
o K1 7.1 = | 5 | symmetric eigenvectors = “Even”
L 2 m
eigenvalues.

e For an TolEP to be solvable, each given eigen-
value must carry a specific parity.
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Inverse Problem for Centrosymmetric Matrices

e Given arbitrary:
o Diagonal matrix A := diag{ A, ..., A\x }.
o Orthogonal matrix Z; € Rlz/x12],
& Orthogonal matrix Z, € RI21¥31.

e Then:
¢ Centrosymmetric matrix:
T
Z1 0 Z1 0
_ T | 41 1
M =K 0 ZJA 0 7, K.

o {A1, ..., Az = Odd eigenvalues of M.
o {Az)11, - -, An} = Even eigenvalues of M.

e [sospectral surface Me(Aq, ..., Ay):
Me = {M € C(n)| eigenvalues = Ay, ..., A\, }.

e )M may not be Toeplitz.
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An Example of n =3

o M € C(3):
mip Mmi2 M3
M = X Moy X
X X X

o trace(M) = 0 = Three free parameters in
C(3).

e [sospectral subset M (A1, Ao, A3):
>\01 1 2 ()‘02 o )‘03>2

(mn — T)Q T5M = 16 :

miz — MmMi1 — )\01-

o 0 = A permutation of integers {1, 2, 3}.
e M = Three ellipses.

¢ One circumscribes the other two.
e Check # of mqo-intercepts =

4, if distinct eigenvalues;

7 of solutions = 2, if multiplicity 2.
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distinct eigenvalues symmetric eigenvalues
1 1
0.5 0.5
0 0
-0.5 -0.5
_1 L L . _1 L n i
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
near eigenvalues multiple eigenvalues
1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 1: Plots of my; versus mqs for M in C(3).

e Fach ellipse = One parity assignment among eigen-
values.

e Wrong assignment = No Toeplitz.
e Magnitude of eigenvalues — Solvability.

e Ordered eigenvalues alternate in parity = Safe-
guard.
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A Newton Method in C(n)

e A tangent step

e Lift by approximation
e Lift by global ordering
e Lift by local ordering



188 Lecture 9

A Classical Newton Method

e A function:

f:R— R.
e The scheme:

s = o) — () ()

e The intercept:

o £t = The z-intercept of the tangent line of
the graph of f from (z), f(z))).

e The lifting:

o (z V), f(z*1)) = The natural “lift” of the
intercept along the y-axis to the the graph of f.
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An Analogy of the Newton Method

e Think of
o Mc(A) = The graph of f.
o T (n) := {Toeplitz matrices} = The z-axis.
¢ Limit the iteration to C(n).

e Manifold M¢(A):

¢ Parametrization:

M = QAQT,
Q=K'2Z
Z € O(l5]) x O(3]).

¢ Tangent vector:
Ty(Me) = SM — MS,

5 St 0| o7
§=Q|7 g Q"

> S = skew-symmetric in RL2/x12],
Sy = skew-symmetric in RI21*/2]
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A Tangent Step

e Given M) € M¢(A) (Parity fived),
o Find S™ and Y for
MW 4 SW ) — pp W) — (L),
e Fquivalently:
A+ SUA = ASY) = QW (D)W
=z KT KT Z0),
¢ Spectral decomposition:

Q@)TM(V)Q@) _ A,
QY = KTZz0),

e Key observation:

Tl(u+1) 0
0 T2(V+1)

KT(r" KT =

= The system is split in half.
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Find the Intercept

e The right-hand side of the system is linear in r**1.

e Diagonal elements in the system = A linear system
for 1) without reference to S®):

JWptl) = )

ON = |P1,. ., PPy, Y, w(%ﬂT (Fized parity).

&
" (ZINEED(Z))., i1 < < |25
JZ']I'/ =
(ZSNEESN(ZY ), if 2] < i <.
>
B0 — KT(e;)K?'
0 E%j] = (ej) :

> (Z),; == the it" column of the matrix Z.".

e Only length of &~ ¥ in all vector-matrix-vector mul-
tiplications.
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Compute S (v)

e Once T(r**) is determined, off-diagonal elments
in the system = S™.

(ZINTT (2,

S5 = 1<i<j<|2],
Z(V))TT(VH)(Z(V)) | n
S(V) Z :< 2 ¥t 2 2 *]7 1§’l/<]§ 1
( 2 >] wz . wj [2-‘
¢ Eigenvalues within each parity group must be
distinct.

O A, ..., A\, need not be totally distinct.

e Multiple eigenvalues = Basis of eigenspace splits
as evenly as possible between symmetric and skew-
symmetric eigenvectors. (Delsarte & Genin, '83)

e Multiplicity of each eigenvalue < 2 => S can be
formulated.
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Find the Lift

e Coordinate-free lift (Friedland, '87; Chu, '92):

M) — QW RW oW oW gV W)
¢ Lift by approximation:
g(v) g\
R =1 I— .
T ( 2

e In calculation, only need

Zw+1) . ) pw)!

¢ All matrices involved are 2-block diagonal.
e (Quadratic convergence.
e Multiplicity > 2 = No S = No lift.
o Can we by-pass SW) to perform a lift?
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Lift by Global Ordering

e Idea:

o Look for matrix MY € M, that is nearest
to T (r+b).

M

lift by global ordering

(v+1) W)

T(n)

(v+1)

Figure 2: Geometry of Lift by Global Ordering.
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e Answer: Wielandt-Hoffman theorem.

o Spectral decomposition of T'(r#*+1) is easy:
~(v+1)
S ) _
2T R 7= N D
0 A5
o Rearrange {1, ..., Ay} in the same ordering as
in Kﬁ”“) and Ké”*” to obtain AV and AV Y,
¢ Define:
X (v+1) T
MO T [ AT <9+1> AR ¢
0 As
e New starting point:
1 (v+1)
A — A(V+1) - Al ) 0
0 Agl/—H) )
Z(V+1) e 7(V+1)

e Significance:

¢ Parity assignment may be changed.
o No S™) is needed.

& Multiple eigenvalues with same parity can be

handled.
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Lift by Local Ordering

e Would like to avoid computing S as well as parity
switching?

e Idea:

o A is kept fixed.
(v+1) and 7(1/—{—1)

¢ Reorganize columns of 7} 5 .
e Calculation:
¢ Elements in K%’/H), Ké’jﬂ) are in the same order-
ing as those in Ay and As.

e New starting point:
ZW+1) .= The reorganized AR
e Global ordering = Local ordering, when reaching
convergence.

e 1st order projection + 2nd order tangent step =
Quadratic convergence. (Traub)
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Numerical Experiment

e Eixample 1: Wrong parity

e Example 2: Quadratic convergence
e Example 3: Multiplicity = 2

e Lixample 4: Multiplicity = 3

e Eixample 5: High order case
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Example 1. Wrong Parity

e Test data (Wrong parity):

A = —2.4128 x 10MY(E)
—2.6407 x 107Y(E) | Wrong parity
2.6769 x 107°(0)

> >
o QO
il

Lift by Local Ordering Lift by Approximation
2 T T T 2 T T T
1 1 ]
0 0 <
-1 -1
-2 -2
-2 -1 0 1 2 -2 -1 0 1 2
Lift by Global Ordering Orbit Change due to Global Ordering
2
4+
1 2
0 01
_2 4
_1 .
_4_ )
2 2 0\~/2
2 A 0 1 2 -2 -2 0

Figure 3: Behaviors of Algorithms When Starting with the Wrong Orbit.
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e Lift by approximation = Staying on the wrong or-
bit.

e Local ordering = Wrong orbit, clustering.

e Global ordering = Change orbit, convergence.
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Example 2: Quadratic Convergence

e Limit point 7*) may be away from original r(#),
even if (0 = r(#),

e Limit points may be different among methods, even

with the same starting r(?)

e Eigenvalues of T(r*)) = those of T'(r#), but parity
may change in the global ordering case.
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Example 3: Multiplicity = 2

201

e Test data (Random number):

—5.8942 x 107! (E)
—1.8565 x 1071 (O)
—1.8565 x 1071 (E)
3.7508 x 107! (0O)
5.8564 x 1071 (E)

e Parity unknown.

¢ Assume the possibly safest assignment.

e Multiply eigenvalues split between parities.

e Quadratic convergence.
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o = Local Ordering

* = Approximation
+ = Global Ordering

Log of Error of Eigenvalues

10’16 | | | | |
0 5 10 15 20 25 30

Number of Iteration

Figure 4: Number of Iteration versus Logarithmic Scale of Errors in Example 3.



Toeplitz Inverse Eigenvalue Problem 203

Example 4: Multiplicity = 3

e Test data:

—8.4328 x 1071 (E)
—1.2863 x 1071 (O)
—1.2863 x 107t ()
—1.2863 x 1071 (O)

1.2292 x 107 (E)

e Lift by approximation fails.
e Methods by local and global ordering converge to

:2204x1071°,4.2222x107",1.2863x10 ", 4.2222x10 ", 1.2863x10 ™"

with error history

2.0327 x 101"
4.0355 x 1072
1.3903 x 1074
3.5477 x 107Y
7.8896 x 1071C.
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Example 5: n = 20

e Test data:

—1.0242x10M —9.6736x107° —5.5608x101° —2.2651x10™°
5.5692x1071  2.1786x107% 3.3867x101° 4.0016x101°
6.3594x107°  8.7090x101°

—1.0416x10%" —9.4352x107 —4.7955x101? —7.7180x10~*
6.3996x1071  2.6374x10"0  4.4879x10%0  4.7572x10"°
6.2222x10M0  9.2230x10™°

¢ Not the safest possible parity assignment, first

ten odd, last ten even.

e Method of approximation fails after 100 iterations.

e Method of global ordering performs best.
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Log of Error of Eigenvalues

Figure 5: Number of Iteration versus Logarithmic Scale of Errors in Example 5.

o = Local Ordering
* = Approximation
+ = Global Ordering

1
40 60 80 100
Number of Iteration
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Conclusion

e Solving the TolEP within the subspace C(n) is pos-
sible.

& Problem size and cost are halved.

¢ Multiple eigenvalue case can be handled.
e Coordinate-free Newton-like methods are available.
¢ Quadratic convergence is observed.

e Parity assignment of eigenvalues plays an important
role in whether an TolEP is solvable.

e Local ordering and global ordering, based on the
Wielandt-Hoffman theorem, permit a new way of
lifting.

¢ Higher multiplicity eigenvalue case can now be
handled.
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Case (a) Case (b) Case (c)

r(#) 0 0 0
-2.0413x1073 | -9.2349x107! | -3.3671x 107!

1.6065x1019 | -7.0499x10"2 | 4.1523x107*

Original Value | 8.4765x1071| 1.4789x107'| 1.5578x10*°
2.6810x1071 | -5.5709x 107" | -2.4443x 10+

r(0) 0 0 0
-2.8351x1071 | -1.8024x1019 | 6.3658x 107!

9.3953x10! | 7.3881x107'| 4.0318x107!

Initial Value | 8.2068x107'| 1.5694x107'| 1.0901x10%°
1.0634x10M0 | -5.2451x107! | -3.2628x 1010

r(*) 2.0426x 10716 | 2.2204x10710 | 7.4940x 10716
-2.0413x1073 | -9.2349x107* | -3.5391x 10!

1.6065x1019 | -7.0499x10% | 4.3645x10°!

Local Ordering | 8.4765x107'| 1.4789x107!'| 1.5244x10%°
2.6810x1071 | -5.5709x 107! | -2.4655x101°

r(*) 8.6831x 10716 0]4.7184x10716
-2.0413x1073 | -9.2349x107! | -3.3671x 107!

1.6065x10%0 | -7.0499%x1072 | 4.1523x107!

Approximation | 8.4765x107'| 1.4789x107'| 1.5578x10™°
2.6810x1071 | -5.5709x1071 | -2.4443x 1010

r*) 2.4113%x10716 [ -1.1102x 10716 | 6.1062x 10716
-9.3778x 1072 | -9.2646x1071 | 3.5391x10°!

1.5174x10%% | -6.1419%x1072 | 4.3645x107!

Global Ordering | 9.9597x107' | 1.3518x107" |-1.5244x10*0
5.7042x 1071 | -5.4694x 107! | -2.4655x101°

Table 1: Initial and Final Values of r®) for Example 2.
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Iterations | Local Ordering | Approximation | Global Ordering
0 1.3847x10*Y 1.3847x10*Y 1.2194x10%Y
1 7.1545%x 107! 7.1545%x 107! 4.2739x1071
2 2.1982x1072 |  6.3866x10* 1.4179x102
3 5.1223x107° 2.0606x 1074 4.3624x107°
4 4.4931x1071Y 7.1037x107° 4.7985x10~10
5 1.4729x1071° | 2.9671x1071 1.7659%x 101

Table 2: Errors of Eigenvalues for Case (a) in Example 2.




