About these notes:

Realization process, in a sense, means any deducible procedure that we use to rationalize and solve problems. In mathematics, especially for existence questions, a realization process often appears in the form of an iterative procedure or a differential equation. For years researchers have taken great effort to describe, analyze, and modify realization processes. Nowadays the success is especially evident in discrete numerical algorithms. On the other hand, the use of differential equations to issues in computation has been found recently to afford fundamental insights into the structure and behavior of existing discrete methods and, sometimes, to suggest new and improved numerical methods. In some cases, there are remarkable connections between smooth flows and discrete numerical algorithms. In other cases, the flow approach seems advantageous in tackling very difficult problems.

These notes, summarizing my limited understanding and ongoing research on the subject of continuous realization methods, were prepared for lecture presentations at the Academia Sinica in Taiwan, the Australian National University in Canberra, and various other universities during my sabbatical leave in 1996.

In this expository series the emphasis is on using differential equation techniques as a special continuous realization process for problems arising from the field of linear algebra. The matrix differential equations are cast in fairly general frameworks of which special cases have been found to be closely related to important numerical algorithms. The main thrust is to study the dynamics of various isospectral flows. This approach has potential applications ranging from new development of numerical algorithms, including VLSI implementation, to theoretical solution of open problems. Various aspects of the recent development and application in this direction will be discussed in the sequel.

Partial support from the National Science Foundation, under the grant DMS-9422280, the North Carolina State University, the Academia Sinica, and the Australian National University are greatly appreciated.

Moody T. Chu

March 1996

Raleigh, North Carolina

2

Contents

1 Introduction 7 Basic component . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 Building the bridge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 Characteristics of a bridge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 QR-Type Flows 23 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 Basic Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 General Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 Governing Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 Basic Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 Abstract QR-type Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . 34 Abstract QR-type Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 Relation to Classical Algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Nonclassical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3 Homotopy Method for λ-Matrix Problem 41 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Basic Ideas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 Preliminary Facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 Homotopy Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 Computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4 Spectrally Constrained Problems 57 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 General Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 Special Cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 Reformulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 Geometry of O(n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 Projected Gradient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 Isospectral Descent Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 Second Order Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 3

Least Squares Matrix Approximation . . . . . . . . . . . . . . . . . . . . . . . 67 Inverse Toeplitz Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . 70 Symmetric Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5 Simultaneous Reduction Problems 75 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 Reduction by Orthogonal Similarity . . . . . . . . . . . . . . . . . . . . . . . . 78 Gradient Flow under Similarity . . . . . . . . . . . . . . . . . . . . . . . . . . 79 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 The Nearest Commuting-Pair Problem . . . . . . . . . . . . . . . . . . . . . . 82 Reduction by Orthogonal Equivalence . . . . . . . . . . . . . . . . . . . . . . 83 Gradient Flow under Equivalence . . . . . . . . . . . . . . . . . . . . . . . . . 84 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 Nearest Normal Matrix Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6 Inverse Problem in the Schur-Horn Theorem 91 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 Schur-Horn Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 Lift and Projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 Gradient Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7 Stochastic Inverse Eigenvalue Problem 113 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 Relation to Nonnegative Matrices . . . . . . . . . . . . . . . . . . . . . . . . . 119 Basic Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 ASVD flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

8 Inverse Singular Value Problems 139 IEP versus ISVP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140 Existence Question . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 A Continuous Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144 An Iterative Method for IEP . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149 An Iterative Approach for ISVP . . . . . . . . . . . . . . . . . . . . . . . . . . 156

9 Toeplitz Inverse Eigenvalue Problem 179 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180 Spectral Properties of C(n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

An Example of n = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 A Newton Method in C(n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

10 Miscellaneous Flows 209 Flows on S^{n−1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210 Toeplitz Annihilator Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217 Linear Stationary Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224 SVD Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226 QZ Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228 Scaled Toda Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230

11 Numerical Computation 233 Continuous versus Discrete . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234 Special Features of the ODE’s . . . . . . . . . . . . . . . . . . . . . . . . . . . 236 Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237 New Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238

12 Conclusions 239 Area of Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240 Relation to Discrete Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 242 Challenge to ODE Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . 243 More to Do . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244