Inverse Eigenvalue Problems:

Theory and Applications

A Series of Lectures to be Presented at IRMA, CNR, Bari, Italy

Moody T. Chu (Joint with Gene Golub)

Department of Mathematics North Carolina State University

June 6, 2001

ii

Preface

An inverse eigenvalue problem concerns the reconstruction of a matrix from prescribed spectral data. The spectral data involved may consist of the complete or only partial information of eigenvalues or eigenvectors. The objective of an inverse eigenvalue problem is to construct a matrix that maintains a certain specific structure as well as that given spectral property.

Inverse eigenvalue problems arise in a remarkable variety of applications, including system and control theory, geophysics, molecular spectroscopy, particle physics, structure analysis, and so on. Generally speaking, the basic goal of an inverse eigenvalue problem is to reconstruct the physical parameters of a certain system from the knowledge or desire of its dynamical behavior. Since the dynamical behavior often is governed by the underlying natural frequencies and/or normal modes, the spectral constraints are thus imposed. On the other hand, in order that the resulting model is physically realizable, additional structural constraints must also be imposed upon the matrix. Depending on the application, inverse eigenvalue problems appear in many different forms.

Associated with any inverse eigenvalue problem are two fundamental questions – the theoretic issue on solvability and the practical issue on computability. Solvability concerns obtaining a necessary or a sufficient condition under which an inverse eigenvalue problem has a solution. Computability concerns developing a procedure by which, knowing a priori that the given spectral data are feasible, a matrix can be constructed numerically. Both questions are difficult and challenging.

In this note the emphasis is to provide an overview of the vast scope of this fascinating problem. The fundamental questions, some known results, many applications, mathematical properties, a variety of numerical techniques, as well as several open problems will be discussed.

This research was supported in part by the National Science Foundation under the grants DMS-9803759 and DMS-0073056. The lectures are to be presented at the Istituto per Ricerche di Matematica Applicata (IRMA), Bari, Italy, from June 23 to July 20, 2001, upon the invitation by Fasma Diele. The visit to present this series of lectures is made possible by Professor Roberto Peluso at the IRMA and Professor Dario Bini at the Universita’ di Pisa with the support from Il Consiglio Nazionale delle Ricerche (CNR) and the Gruppo Nazionale per il Calcolo Scientifico (GNCS) under the project Lineare con Struttura e Applicazioni. The warm kindness and encouragement received from these colleagues are greatly appreciated. Moody T. Chu Raleigh, North Carolina May, 2001 iv PREFACE

Contents

Preface iii

1 Introduction 1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 Inverse Eigenvalue Problem (IEP) . . . . . . . . . . . . . . . . . . . . . . . . . . 3 Fundamental Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 Brief History . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 Literature Review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 Classification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 Via Algebraic Characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 Via Physical Characteristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 A Glimpse of Some Major Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 Complex Solvability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 Real Solvability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2 Applications 27 Pole Assignment Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 State Feedback Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 Output Feedback Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 Control of Vibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 Undamped System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 Damped System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 Inverse Sturm-Liouville Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 Matrix Analogue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Applied Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 Quantum Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 Geophysics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 Neutron Transport Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

Numerical Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Preconditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 High Order Stable Runge-Kutta Schemes . . . . . . . . . . . . . . . . . . . . . . 45 Gauss Quadratures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 Low Rank Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3 Parameterized Inverse Eigenvalue Problems 51 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 Generic Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 Variations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 General Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 Existence Theory for Linear PIEP . . . . . . . . . . . . . . . . . . . . . . . . . . 56 Complex Solvability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 Real Solvability (n = m) . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 Multiple Eigenvalue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 Forward Problem for General A(c) . . . . . . . . . . . . . . . . . . . . . 62 Inverse Problem for Linear Symmetric A(c) . . . . . . . . . . . . . . . . 63 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 Direct Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 Iterative Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 Continuous Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 Additive Inverse Eigenvalue Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 Subvariations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 Solvability Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 Sensitivity Issues (for AIEP2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 Newton’s Method (for AIEP2) . . . . . . . . . . . . . . . . . . . . . . . . 85 Homotopy Method (for AIEP3) . . . . . . . . . . . . . . . . . . . . . . . 86 Multiplicative Inverse Eigenvalue Problems . . . . . . . . . . . . . . . . . . . . . . . . 87 Subvariations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 Solvability Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 Optimal Conditioning by Diagonal Matrices . . . . . . . . . . . . . . . . . . . . 91 Sensitivity Issues (for MIEP2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 Reformulate MIEP1 as Nonlinear Equations . . . . . . . . . . . . . . . . 94 Newton’s Method (for MIEP2) . . . . . . . . . . . . . . . . . . . . . . . 95

4 Structured Inverse Eigenvalue Problems 97 Jacobi Inverse Eigenvalue Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 Subvariations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 Physical Interpretations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

Existence Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 Sensitivity Issues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 Lanczos Method (for SIEP6a) . . . . . . . . . . . . . . . . . . . . . . . . 112 Orthogonal Reduction Method (for SIEP6a) . . . . . . . . . . . . . . . . 113 Toeplitz Inverse Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 Spectral Properties of Centrosymmetric Matrices . . . . . . . . . . . . . 117 A 3 × 3 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 Inverse Problem for Centrosymmetric Matrices . . . . . . . . . . . . . . . 121 Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125 Continuous Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 Refined Newton to Centrosymmetric Structure . . . . . . . . . . . . . . . 127 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 Nonnegative Inverse Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . 149 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 Some Existence Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151 Symmetric Nonnegative Inverse Eigenvalue Problem . . . . . . . . . . . . . . . . 152 Numerical Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 Stochastic Inverse Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 154 General View . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155 Karpelevič’s Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 Relation to Nonnegative Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . 158 Basic Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159 Steepest Descent Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162 ASVD flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 Unitary Inverse Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179 Existence Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180 Inverse Eigenvalue Problems with Prescribed Entries . . . . . . . . . . . . . . . . . . 181 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182 Prescribed Entries along the Diagonal . . . . . . . . . . . . . . . . . . . . . . . . 183 Schur-Horn Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184 Mirsky Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185 Sing-Thompson Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . 186 de Oliveira Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 Prescribed Entries at Arbitrary Locations . . . . . . . . . . . . . . . . . . . . . 188

Cardinality and Locations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189 Numerical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 Inverse Singular Value Problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192 IEP versus ISVP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193 Existence Question . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195 A Continuous Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197 An Iterative Approach for ISVP . . . . . . . . . . . . . . . . . . . . . . . . . . . 202 Inverse Singualar/Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 225 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 226 Weyl-Horn Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227 A Recursive Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 228 The 2 × 2 Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229 Ideas in Horn’s Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230 Key to the Algorithmic Success . . . . . . . . . . . . . . . . . . . . . . . 231 Outline of Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232 A MATLAB Program . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235 Matrix Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236 Correct the “Mistake” . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237 A Variation of Horn’s Proof . . . . . . . . . . . . . . . . . . . . . . . . . 239 A Symbolic Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 240 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242 Rosser Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243 Wilkinson Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 246

5 Least Squares Inverse Eigenvalue Problems 249 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251 Least Squares Approximating the Spectrum . . . . . . . . . . . . . . . . . . . . 252 Least Squares Approximating the Structure . . . . . . . . . . . . . . . . . . . . 253 Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254 One Particular Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255 Geometric Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

6 Partially Described Inverse Eigenvalue Problems 259 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260 Generic Form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261 PDIEP for Toeplitz Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262

7 Spectrally Constrained Approximation 265 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266 Spectrally Constrained Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 267 Singular-Value Constrained Problem . . . . . . . . . . . . . . . . . . . . . . . . 268 Reformulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 269 Feasible Set O(n) & Gradient of F . . . . . . . . . . . . . . . . . . . . . . . . . 270 The Projected Gradient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271 An Isospectral Descent Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272 The Second Order Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273 Least Squares Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274 Sorting Property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275 Wielandt-Hoffman Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276 Toeplitz Inverse Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 277 Toeplitz Annihilator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278 Eigenvalue Computation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 280 Simultaneous Reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

8 Structured Low Rank Approximation 283 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284 Difficulties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285 An Example of Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286 Another Hidden Catch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 288 Low Rank Toeplitz Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289 A General Remark . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 290 Algebraic Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291 Constructing Lower Rank Toeplitz Matrices . . . . . . . . . . . . . . . . . . . . 294 Lift and Project Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295 Implicit Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . 300 Explicit Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 302 An Illustration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 303 Using Existing Optimization Codes . . . . . . . . . . . . . . . . . . . . . 305 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 308 Low Rank Circulant Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309 Basic Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 310 Elementary Spectral Properties . . . . . . . . . . . . . . . . . . . . . . . 311 (Inverse) Eigenvalue Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313 Conjugate Evenness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 314 Low Rank Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315 Trivial O(n log n) TSVD Algorithm . . . . . . . . . . . . . . . . . . . . . 316 Data Matching Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 317 An Example using a Tree Structure . . . . . . . . . . . . . . . . . . . . . . . . . 319 Numerical Experiment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 322

Example 1: Symmetric Illustration . . . . . . . . . . . . . . . . . . . . . 323 Example 2: Complex Illustration . . . . . . . . . . . . . . . . . . . . . . 324 Example 3: Perturbed Case . . . . . . . . . . . . . . . . . . . . . . . . . 325 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326 Lor Rank Covarance Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . 329 Euclidian Distance Matrix Approximation . . . . . . . . . . . . . . . . . . . . . . . . 330 Approximate GCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 331

Chapter 1 Introduction

• Overview • A Brief History • Classification • A Glimpse of Some Known Results • Conclusion

Overview

• Often a physical process is described by a mathematical model of which parameters represent important physical quantities.

⋄ Direct analysis — Analyze or predict the behavior of the underlying physical process from the parameters.

⋄ Inverse analysis — Validate, determine, or estimate the parameters adaptively from the behavior of the physical process.

Inverse Eigenvalue Problem (IEP)

• The mathematical model involves matrices whose spectral properties determine the dynamics of the physical system.

• Reconstruct a matrix from prescribed spectral data.

⋄ Spectral data may involve a mixture information of eigenvalues or eigenvectors.

⋄ Sometimes complete information is difficult to obtain. Only partial information is available.

⋄ For feasibility, often necessary to restrict the construction to special classes of matrices.

Fundamental Questions

• Solvability:

⋄ Determine a necessary or a sufficient condition under which an IEP has a solution.

• Computability:

⋄ Develop a scheme through which, knowing a priori that the given spectral data are feasible, a matrix can be constructed numerically.

• Sensitivity:

⋄ Quantify how a solution to an IEP is subject to changes of the spectral data.

• Applicability:

⋄ Differentiate whether the given data are exact or approximate, complete or incomplete, and whether only an estimation of the parameters of the system is sufficient.

⋄ Decide between physical realizability and physical uncertainty which constraint of the problem should be enforced.

Brief History

• Studies of IEP’s have been quite extensive

⋄ Engineering application. ⋄ Algebraic theorization.

• Mathematical techniques employed in the study are quite sophisticated: ⋄ Algebraic curves. ⋄ Degree theory.

⋄ Differential geometry. ⋄ Matrix theory.

⋄ Differential equations. ⋄ Functional analysis. ⋄ . • Results are quite few and scattered even within the same field of discipline.

Literature Review

• Inverse Sturm-Liouville problem:

⋄ Ambartsumyan’29 ⋄ Krein’33 ⋄ Borg’46, Levinson’49 ⋄ Gel’fand&Levitan’51 ⋄ Kac’66 (Can one hear the shape of a drum?) ⋄ Hochstadt’73, Barcilon’74, McLaughlin’76, Hald’78 ⋄ Zayed’82, Issacson et al’83, McLaughlin’86, Andersson’88 ⋄ Lowe et al’95, Rundell’97 • Matrix theory:

⋄ Downing&Householder’56, Mirsky’58 ⋄ Hochstadt’67 ⋄ de Oliveira’70, Hald’72, Golub’73, Friedland’77, de Boor&Golub’78 ⋄ Biegler-König’81, Shapiro’83, Barcilon’86, Sun’86, Boley&Golub’87 ⋄ Landau’94, Chu’98

• Applied Mechanics:

⋄ Barcilon’74 ⋄ Gottlieb’83, Gladwell’86 ⋄ Ram’91, Gladwell’96, Nylen&Uhlig’97 • Computation:

⋄ Morel’76, Boley&Golub’77 ⋄ Nocedal et al’83, Friedland et al’88, Laurie’88 ⋄ Chu’90, Zhou&Dai’91, Trench’97, Xu’98

Applications

• System identification and control theory.

⋄ State/output feedback pole assignment problems. • Applied mechanics and structure design.

⋄ Construct a model of a (damped) mass-spring system with prescribed natural frequencies/modes.

• Applied physics.

⋄ Compute the electronic structure of an atom from measured energy levels.

⋄ Neutron transport theory. • Numerical analysis.

⋄ Preconditioning.

⋄ Computing B-stable RK methods with real poles. ⋄ Gaussian quadratures.

• Mathematical analysis.

⋄ Inverse Sturm-Liouville problems.

An Example

• Vibration of equally spaced particles (with spacing h and mass m_i) on a string subject to a constant horizontal tension F .

• Equation of motion for 4 particles:

m_1 d^2x_1 dt^2

= −F x_1 h + F x_2 − x_1 h m_2 d^2x_2 dt^2

= −F x_2 − x_1 h + F x_3 − x_2 h m_3 d^2x_3 dt^2

= −F x_3 − x_2 h + F x_4 − x_3 h m_4 d^2x_4 dt^2

= −F x_4 − x_3 h − F x_4 h

• In matrix form: d^2x dt^2

= −DAx

⋄ x = [x_1, x_2, x_3, x_4]^T

⋄ A = � � � � 2 −1 0 0 −1 2 −1 0 0 −1 2 −1 0 0 −1 2

� � � � ⋄ D = diag(d_1, d_2, d_3, d_4) with d_i =^F_{mih}.

• Eigenvalues of DA are the squares of the so called natural frequencies of the system.

• Want to place weights m_i so that the system has a prescribed set of natural frequencies. ⋄ A is symmetric and tridiagonal. ⋄ D is diagonal.

⋄ This is a multiplicative inverse eigenvalue problem. • Open Question: Can such a string have arbitrarily prescribed natrual frequencies by adjusting the diagonal matrix D?

Classification

• Based on constraint.

⋄ Spectral constraint. ⋄ Structure constraint.

• Based on physical suitability.

⋄ Physical realizability. ⋄ Physical uncertainty.

• Based on discipline.

⋄ Essentially mathematical problem. ⋄ Essentially engineering problem.

• Based on expectation.

⋄ Determination problem. ⋄ Estimation problem.

Via Algebraic Characteristics

MVIEP = Multi-Variate IEP LSIEP = Least Squares IEP PIEP = Parameterized IEP SIEP = Structured IEP PDIEP = Partially Described IEP AIEP = Additive IEP MIEP = Multiplicative IEP

PIEP

• Generic form:

⋄ Given

▷ A family of matrices A(c) ∈ M with c ∈ F^m, ▷ A set of scalars Ω ⊂ F, ⋄ Find

▷ Values of parameter c such that σ(A(c)) ⊂ Ω • Remarks:

⋄ Not necessarily m = n. ⋄ Commonly used Ω:

▷ Ω = {λ^∗_k}^n_{k=1}.

▷ Ω = left-half complex plan.

▷ Ω = anything but must have a specific number of zeros.

Some Special PIEP’s

• A(c) = A_0 +

�_n i=1 c_iA_i ⋄ A_i ∈ R(n), F = R. ⋄ A_i ∈ S(n), F = R.

• (AIEP) A(c) = A(X) = A_0 + X, X ∈ N .

⋄ A_0 ∈ C(n), F = C, N = D_C(n). • (MIEP) A(c) = A(X) = XA_0, X ∈ N .

⋄ Preconditioning?

• A(c) = A(K_1, . . . , K_q) = A_0 +

�_q i=1 B_iK_iC_i.

⋄ Pole assignment problem.

SIEP

• Generic form:

⋄ Given

▷ A set N of specially structured matrices, ▷ A set of scalars {λ^∗_k}^n_{k=1} ∈ F, ⋄ Find

▷ X ∈ N such that σ(X) = {λ^∗_k}^n_{k=1}.

• Some special cases:

⋄ N = {Toeplitz matrices in S(n)}.

⋄ N = {Persymmetric Jacobi matrices in S(n)}. ⋄ N = {Nonnegative matrices in S(n)}. ⋄ N = {Row-stochastic matrices in R(n)}.

A Few More Special SIEP’s

• Given scalars λ^∗_i ≤ μ_i ≤ λ^∗_{i+1}, i = 1, . . . , n − 1, find a Jacobi matrix J such that σ(J) = {λ^∗_k}^n_{k=1} σ(J(1 : n − 1, 1 : n − 1)) = {μ_1, . . . , μ_{n−1} }.

• Given scalars {λ_1, . . . , λ_{2n}} and {μ_1, . . . , μ_{2n−2} } ∈ C, find tridiagonal symmetric matrices C and K for the λ-matrix Q(λ) = λ^2I + λC + K so that σ(Q) = {λ_1, . . . , λ_{2n}}, σ(Q(1 : n − 1, 1 : n − 1)) = {μ_1, . . . , μ_{2n−2} }.

• Given distinct scalars {λ_1, . . . , λ_{2n}} ⊂ R and a Jacobi matrix J_n ∈ R(n), find a Jacobi matrix a Jacobi matrix J_{2n} ∈ R(2n) so that σ(J_{2n}) = {λ_1, . . . , λ_{2n}}, J_{2n}(1 : n, 1 : n) = J_n.

• Given a family of matrices A(c) ∈ R^{m×n} , with c ∈ R^n, m ≥ n, find a parameter c such that the singular values of A(c) are precisely the same as a prescribed set of nonnegative real values {σ_1, . . . , σ_n}.

LSIEP

• Maintain the structure, approximate the eigenvalues:

⋄ Given ▷ A set of scalars {λ^∗_1, . . . , λ^∗_m} ⊂ F (m ≤ n), ▷ A set N of specially structured matrices, ⋄ Find ▷ A matrix X ∈ N ▷ An index subset σ = {σ_1 < . . . < σ_m} such that

F (X, σ) := 1 2 m� i=1 (λ_{σi}(X) − λ^∗_i )^2,

is minimized.

• Maintain the spectrum, approximate the structure:

⋄ Given ▷ A set M of spectrally constrained matrices, ▷ A set N of specially structured matrices, ▷ A projection P from M onto N , ⋄ Find ▷ X ∈ M that minimizes

F (X) := 1 2 ‖X − P (X)‖^2.

Via Physical Characteristics

• By mechanical types:

⋄ Continuous vs. discrete. ⋄ Damped vs. undamped.

• By data type:

⋄ Spectral, modal, or nodal. ⋄ Complete vs incomplete.

A Glimpse of Some Major Issues

• Studies on IEP’s have been intensive, ranging from acquiring a pragmatic solution to a real-world application dealing the metaphysical theory of an abstract fromulation.

• Results are scattered even within the same field of discipline.

• Only a handful of the problems have been completely understood.

• Many interesting yet challenging questions remain to be answered.

Complex Solvability

• Solving an IEP over complex field amounts to solving a polynomial system with complex coefficients. Generally speaking, the system is generically solvable.

• Given A_0 ∈ C(n) and arbitrary {λ^∗_k}^n_{k=1} ⊂ C, ⋄ There exists D ∈ D_C(n) such that σ(A_0 + D) = {λ^∗_k}^n_{k=1} and there are at most n! solutions.

⋄ If det(A_0(1 : j, 1 : j) ≠ 0, j = 1, . . . , n, then there exists D ∈ D_C(n) such that σ(DA_0) = {λ^∗_k}^n_{k=1} and there are at most n! solutions.

Real Solvability

• Solving an IEP over real field is a much harder problem.

Sufficient conditions are generally quite restrictive. • Assume all matrices involved are real,

⋄ If the prescribed real eigenvalues are sufficiently different, then there exist c_1, . . . , c_n ∈ R such that

σ(A_0 + n� i=1 c_iA_i) = {λ^∗_k}^n_{k=1}.

⋄ The inverse eigenvalue problem associated with

A_0 + n� i=1 c_iA_i

is unsolvable almost everywhere if and only if any of the prescribed eigenvalues has multiplicity great than 1.

• Symmetric Toeplitz matrices can have arbitrary spectra.

Numerical Methods

• Direct methods

⋄ Lanczos method.

⋄ Orthogonal reduction methods. • Iterative methods ⋄ Newton-type iteration.

• Continuous methods:

⋄ Homotopy approach. ⋄ Projected gradient method. ⋄ ASVD approach.

Sensitivity Analysis

• Assume all matrices are symmetric and the PIEP for

A(c) = A_0 + n� i=1 c_iA_i

is solvable.

• Assume A(c) = Q(c)diag{λ^∗_k}^n_{k=1}Q(c)^T and define J(c) = � q_i(c)^T A_jq_i(c) � , i, j = 1, . . . , n, b = � q_1(c)^T A_0q_1(c), . . . , q^T_n A_0q_n(c)

�_T . • If

δ = ‖λ − λ̃‖_∞ + n� i=0 ‖A_i − Ã_i‖_2

is sufficiently small, then ⋄ The PIEP associated with Ã_i, i = 0, . . . , n and {λ̃_1, . . . , λ̃_n} is solvable.

⋄ There is a solution c̃ near to c,

‖c − c̃‖_∞

‖c‖_∞

≤ κ_∞(J(c)) � ‖λ − λ̃‖_∞ + ‖A_0 − Ã_0‖_2 ‖λ − b‖_∞ + �_n i=1 ‖A_i − Ã_i‖_2 ‖J(c)‖_∞ � + O(δ^2).

Summary

• An IEP concerns the reconstruction of a matrix satisfying two constraints.

⋄ Spectral constraint – the prescribed spectral data. ⋄ Structural constraint – the desirable structure.

• Different constraints define a variety of IEP’s. • Studies on IEP’s have been intensive, ranging from engineering application to algebraic theorization. ⋄ Many unanswered yet interesting questions.

• A common phenomenon in all applications is that the physical parameters of a certain system are to be reconstructed from knowledge of its dynamical behavior, in particular, of its natural frequencies/modes. ⋄ Sometimes the constraints can be precisely determined.

⋄ Sometimes the constraints are only approximate and often incomplete.

26 Introduction

Chapter 2 Applications

• Pole Assignment Problem • Control of Vibration • Inverse Strum-Liouville Problem • Geophysics Application • Numerical Analysis • Low Rank Application

Pole Assignment Problem

• Dynamic state equation: ẋ(t) = Ax(t) + Bu(t).

⋄ x = state of the system ∈ R^n. ⋄ u = input to the system ∈ R^m. ⋄ A ∈ R^{n×n} , B ∈ R^{n×m} .

• Want to select u(t) so as to control the dynamics of x(t).

⋄ Classical problem in control theory. ⋄ Extensively studied and very rich in literature. ⋄ Several different types.

Pole Assignment Problem 29

State Feedback Control

• Choose input u as a linear function of current state x, u(t) = F x(t).

• Closed-loop dynamical system: ẋ(t) = (A + BF )x(t).

• Want to choose the gain matrix F so as to ⋄ Achieve stability. ⋄ Speed up response.

• Choose F so as to reassign eigenvalues of A + BF .

⋄ Usually F carries no structure at all.

⋄ It becomes a much harder IEP if F needs to satisfy a certain structural constraint.

Output Feedback Control

• Often x(t) is not directly observable. Instead, only output y(t) where y(t) = Cx(t) is available.

• Choose input u as a linear function of current output y, u(t) = Ky(t).

• Closed-loop dynamical system: ẋ(t) = (A + BKC)x(t).

• Want to choose the output matrix K so as to reassign the eigenvalues of A + BKC.

Control of Vibration

• Area of applications:

⋄ Transverse vibrations of masses on a string. ⋄ Buckling of structures.

⋄ Transient current of electric circuits. ⋄ Acoustic vibration in a tube.

• Equation of motion: Mẍ + Cẋ + Kx = f(x).

⋄ x ∈ R^n, M, C, K ∈ R^{n×n} .

⋄ M = diagonal, C, K = symmetric tridiagonal. • Motion is governed by the homogeneous equation.

⋄ Try a solution x(t) = ve^{λt}.

⋄ v and λ are solutions to the quadratic eigenvalue problem (λ^2M + λC + K)v = 0.

⋄ General solution:

x(t) = 2n� k=1 α_kv_ke^{λkt}.

Undamped System

• C = 0, M, K = symmetric and positive definite. • Try a solution of the form x(t) = ve^{iωt} • v and ω solves the generalized eigenvalue problem (K − ω^2M)v = 0 ⋄ ω = the natural frequency. ⋄ v = the natural mode.

• Let λ = ω^2, J := M^{−1/2} KM^{−1/2} , and z = M^{1/2}x.

Solve the Jacobi eigenvalue problem Jz = λz.

• Two types of inverse eigenvalue problems:

⋄ Stiffness matrix K usually is more complicated than the mass matrix M.

▷ Determine K from static constraints, but find M so that some desired natural frequencies are achieved.

▷ This is equivalent to an multiplicative inverse eigenvalue problem.

⋄ Construct an unreduced, symmetric, and tridiagonal matrix J from its n eigenvalues and those of its leading principal submatrix of dimension n − 1. ▷ This IEP can be identified as configuring a spring system from its spectrum and from the spectrum of the same system but the last mass is fixed to have no motion.

▷ This is one kind of Jacobi inverse eigenvalue problems.

Damped System

• Normalize M to identity. • Define

⋄ Q(λ) = λ^2I + λC + K.

⋄ Q̃(λ) = The leading principal submatrix of Q(λ) of dimension n − 1.

• Given scalars

⋄ {λ_1, . . . , λ_{2n}}, and ⋄ {μ_1, . . . , μ_{2n−2} } ∈ C, • Find

⋄ tridiagonal symmetric matrices C and K, or ⋄ real-valued, tridiagonal, symmetric, and weakly diagonally dominant matrices C and K with positive diagonal and negative off-diagonal elements, • Such that

⋄ det(Q(λ)) has zeros precisely {λ_1, . . . , λ_{2n}}, and ⋄ det(Q̃(λ)) has zeros precisely {μ_1, . . . , μ_{2n−2} }.

Inverse Sturm-Liouville Problem 35

Inverse Sturm-Liouville Problem

• The classical Sturm-Liouville problem:

L[u] := −u^{′′}_n(x) + p(x)u_n(x) = λ_nu_n(x), 0 < x < 1 u^′_n(0) − hu_n(0) = 0 u^′_n(1) + Hu_n(1) = 0.

⋄ Eigenvalues of L are real, simple, countable, and tend to infinity.

⋄ Increasing q, h, or H increases all eigenvalues of L. • Can the function p(x) be determined from eigenvalues?

(Two data sequences are required [150].)

Matrix Analogue

• Discretize the BVP by the central difference scheme with mesh h =^1_{n+1}, � � � � � 1 h^2

� � � � �

2 −1 0 −1 2 −1 0 −1 2 . . . 0 . ...

0 2 −1 0 −1 2

� � � � � + X

� � � � � u = λu.

⋄ X = diagonal matrix representing the discretization of p(x).

• Determine X so that the system processes a prescribed spectrum.

⋄ This is an additive inverse eigenvalue problem.

• Caution: There is a significant difference in asymptotic behavior between the discrete and continuous cases.

Applied Physics

• Quantum Mechanics • Geophysics • Neutron Transport Theory

Quantum Mechanics

• Computing the electronic structure of an atom requires the spectral and diagonal information of a Hamiltonian matrix H.

• Diagonal elements of H cannot be measured accurately. • Eigenvalues of H correspond to energy levels of an atom that can be measured to a high degree of accuracy.

• Want to use eigenvalues to correct diagonal elements. • A least squares IEP [110]:

⋄ Given

▷ A real symmetric matrix A, ▷ A set of real eigenvalues ω = [ω_1, . . . , ω_n]^T , ⋄ Find a real diagonal matrix D such that ‖σ(A + D) − ω‖_2 is minimized.

Geophysics

• Assuming spherical symmetry, want to infer the internal structure of the Earth from the frequencies of spheroidal and torsional modes of oscillations.

• The model involves the generalized Sturm-Liouville problem, i.e.,

u^{(2k)} − (p_1u^{(k−1)} )^{(k−1)} + . . . + (−1)^kp_ku = λu.

⋄ For well-posedness, k+1 spectra associated with k+ 1 distinct sets of boundary conditions are required to construct the unknown coefficients p_1, . . . , p_k [14, 15].

⋄ Theoretical solution can be constructed iteratively for the cases k = 1, 2.

⋄ Open Question: What is the matrix analogue of this high order problem and how to solve it numerically?

Neutron Transport Theory

• Dynamics in an additive neural network

du_i dt = −a_iu_i + n� j=1 ω_{ij}g_j(u_j) + p_i, , i = 1, . . . n.

⋄ ω_{ij} = connection coefficient between the ith and jth neurons.

⋄ g^′_j > 0 and g_j is bounded.

• Want to choose W so that a designated point u^∗ is a stable equilibrium.

⋄ At the critical point, there is a linear constraint −Au^∗ + W g(u^∗) + p = 0.

⋄ The eigenvalues of the Jacobian matrix should be in the left half plane.

• An equality constrained IEP [235]:

⋄ Given

▷ Two sets of real vectors {x_i}^p_{i=1} and {y_i}^p_{i=1} with p ≤ n, and ▷ A set of complex numbers L = {λ_1, . . . , λ_n}, closed in conjugation, ⋄ Find a real matrix A such that Ax_i = y_i, σ(A) = L

Numerical Analysis

• Preconditioning • High Order Stable Runge-Kutta Schemes • Gauss Quadratures

Preconditioning

• Preconditioning the equation Ax = b is a means of transforming the original system into one that has the same solution, but is easier (quicker) to solve with an iterative scheme.

⋄ Preconditioning A can be thought of as implicitly multiplying A by M^{−1} .

▷ M is a matrix for which Mz = y can easily be solved, and ▷ M^{−1} A is not too far from normal and its eigenvalues are clustered.

⋄ Many types of unstructured preconditioners have been proposed:

▷ Low-order (Coarse-grid) approximation, SOR, incomplete LU factorization, polynomial, and so on.

▷ Open Question: Given a structure of M, what is the best achievable conditioning [166]?

• Precondition by low rank matrices might have applications in practical optimization.

⋄ Open Question: Given a matrix matrix C ∈ R^{m×n} and a constant vector b ∈ R^m, find a vector x ∈ R^n such that the rank-one updated matrix bx^T +C has a prescribed set of singular values.

High Order Stable Runge-Kutta Schemes

• An s-stage Runge-Kutta method is uniquely determined by the Butcher array c_1 a_{11} a_{12} . . . a_{1s} c_2 a_{21} a_{22} . . . a_{2s} . . . c_s a_{s1} a_{s2} . . . a_{ss} b_1 b_2 . . . b_s ⋄ The stability function is given by R(z) = 1 + zb^T (I − zA)^{−1} 1.

• To attain stability, implicit methods are preferred.

⋄ Fully implicit methods are too expensive. ⋄ Diagonally implicit methods (DIRK), i.e., A is low triangular with identical diagonal entries, is computationally more efficient, but is difficult to construct.

⋄ Singly implicit methods (SIRK) requires that the matrix A, though not lower triangular, should have an s-fold eigenvalue.

• An IEP with prescribed entries [269]:

⋄ Given

▷ The number s of stages, ▷ The the desired order p, ▷ Define k = ⌊(p − 1)/2⌋, ▷ Constants ξ_j = 0.5(4J^2 − 1)^{−1/2} , j = 1, . . . , k, ⋄ Find a real number λ and Q ∈ R^{(s−k)×(s−k)} such that ▷ Q + Q^T is positive semi-definite. ▷ σ(X) = {λ} where X ∈ R^{s×s} is of the form

X =

� � � � �

1/2 −ξ_1 ξ_1 0 0 . ... 0 −ξ_k 0 ξ_k Q

� � � � � and q_{11} = 0 if p is even.

Gauss Quadratures

• With respect to a given a weight function ω(x) ≥ 0 on [a, b], one can define a sequence of orthonormal polynomials {p_n(x)}^∞_{n=0} satisfying �_b a ω(x)p_i(x)p_j(x)dx = δ_{ij}.

⋄ Roots of each p_n(x) are simple, distinct, and lie in the interval [a, b].

⋄ The roots {λ_i}^n_{i=1} of a fixed p_n(x) define a Gaussian quadrature

�_b a ω(x)f(x)dx = n� i=1 w_if(λ_i),

that has degree of precision up to 2n − 1.

• With p_0(x) ≡ 1 and p_{−1} (x) ≡ 0, orthogonal polynomials satisfy a three-term recurrence relationship:

p_n(x) = (a_nx + a_n)p_{n−1} (x) − c_np_{n−2} (x). ⋄ In matrix form:

x

� � � � � � p_0(x) p_1(x) . p_{n−2} (x) p_{n−1} (x)

� � � � � � � � � p(x)

=

� � � � � �

−a_1 a_1 1 a_1 0 0 c_2 a_2

−a_2 a_2 1 a_2 0 . ... .

0^1_{an−1} 0 . . .^{cn}_{an}^{−a n}_{an}

� � � � � � � � � T

� � � � � � p_0(x) p_1(x) . p_{n−2} (x) p_{n−1} (x)

� � � � � � +

� � � � � �

0 0 . 0 p_n(x)

� � � � � �

⋄ p_n(λ_j) = 0 if and only if

λ_ip(λ_i) = T p(λ_i).

⋄ T can be symmetrized by diagonal similarity transformation into a Jacobi matrix J.

⋄ It can be shown that the weight w_j in the quadrature is given by

w_i = q^2_{1i}, i = 1, . . . n

where q_i is the i-th normalized eigenvector of J.

• The inverse problem:

⋄ Given a quadrature, i.e.,

▷ abscissas {λ^∗_k}^n_{k=1}, and ▷ weights {w_1, . . . , w_n} with

�_n i=1 w_i = 1, ⋄ Determine the corresponding orthogonal polynomials.

Low Rank Approximation

• Noise removal in signal/image processing with Toeplitz structure.

⋄ rank = noise level where SNR is high.

• Model reduction problem in speech encoding and filter design with Hankel structure.

⋄ rank = # of sinusoidal components in the signal. • GCD approximation for multivariate polynomials with Sylvester structure. ⋄ rank = degree of GCD.

• Molecular structure modeling for protein folding with nonnegative matrices. ⋄ rank ≤ 5.

• LSI application.

⋄ rank = # of factors capturing the random nature of the indexing matrix but structure = ?

• Preconditioning or regularization of ill-posed inverse problems.

Chapter 3 Parameterized Inverse Eigenvalue Problems

• Overview.

• General Results.

• Additive Inverse Eigenvalue Problems. • Multiplicative Inverse Eigenvalue Problems.

Overview

• The structural constraint is regulated by a set of parameters.

• Most discussion concentrates on linear dependence of the problem on the parameters.

Generic Form

• Given

⋄ A family of matrices A(c) ∈ M with parameters c ∈ F^m, ⋄ A set of scalars Ω ⊂ F, • Find

⋄ Values of parameter c such that σ(A(c)) ⊂ Ω.

▷ M = One particular class of submatrices in F^{n×n} . ▷ F = One particular field of scalars.

• Remark:

⋄ Degree of free parameters m needs not be the same as the size n of the matrix.

⋄ Commonly used Ω:

▷ Ω = {λ^∗_k}^n_{k=1}.

▷ Ω = left-half complex plan.

⋄ Depending upon how A(c) is defined, the PIEP can appear in very different form.

Variations

• Linear dependence on parameters (LiPIEP):

A(c) = A_0 + m� i=1 c_iA_i.

⋄ A_i ∈ R(n), F = R. ⋄ A_i ∈ S(n), F = R.

• (AIEP) A(c) = A(X) = A_0 + X, X ∈ N .

⋄ N = Some special class of submatrices. ⋄ X can be expressed in terms of linear combinations of basis {A_{i}} of N .

• (MIEP) A(c) = A(X) = XA_0, X ∈ N .

⋄ XA_0 can still be expressed as a linear combination of some A_i, i = 1, . . . , m.

⋄ If X = diag{c_1, . . . , c_n}, write A_0 = [a^T_1 , . . . , a^T_n ]^T in rows. Then XA_0 = n� i=1 c_i e_ia^T_i� Ai . • (Generalized Pole Assignment Problem) A(c) = A(K_1, . . . , K_q) = A_0 +

�_q

i=1 B_iK_iC_i.

General Results

• Lot of attention has been paid to the theory and numerical method of the LiPIEP.

⋄ Finding a solution over real field is more complicated and difficult than over complex field.

• Whatever is known about LiPIEP applies to AIEP and MIEP.

• Pole assignment problem itself stands alone as an important application for decades. ⋄ Has been extensively studied already.

⋄ Many theoretical results and numerical techniques are available.

⋄ Approaches include skills from linear system theory, combinatorics, complex analysis to algebraic geometry.

⋄ Will not be discussed in this note.

Existence Theory for Linear PIEP

• Most discussions concentrate on the LiPIEP. A(c) = A_0 + m� i=1 c_iA_i.

• Complex solvability is generally expected by solving polynomial systems.

• Presence of multiple eigenvalues in real case makes a big difference.

Complex Solvability

• Given n complex numbers {λ^∗_k}^n_{k=1},

⋄ For almost all A_i ∈ C^{n×n} , there exists c ∈ C^n such that A(c) = A_0 +

�_n k=1 c_kA_k has eigenvalues {λ^∗_k}^n_{k=1}.

⋄ There are at most n! distinct solutions.

Real Solvability (n = m)

• Notation and Definitions: A_k := � a^{(k)}_{ij} � , k = 0, 1, . . . , n, E := � a^{(k)}_{ii} � , i, k = 1, . . . , n,

S := m� i=1 |A_k|,

π(M) := ‖M − diag(M)‖_∞, d(λ) := min_{i≠j} |λ_i − λ_j| • Normalize the diagonals of A_j:

⋄ Assume E^{−1} = [ℓ_{ij}] exists and c̃ := Ec. ⋄ Rewrite

A(c) = A_0 + n� k=1 c_kA_k = A_0 + n� k=1

� � n� j=1 ℓ_{kj}c̃_j � � A_k

= A_0 + n� j=1 c̃_j

�_n � k=1 ℓ_{kj}A_k �

� � � Ãj .

diag(Ã_j) = e_j, j = 1, . . . n.

• [34] Sufficient condition:

⋄ Given

▷ n real numbers λ^∗ = {λ^∗_k}^n_{k=1}, and ▷ n + 1 real n × n matrices A_i, i = 0, 1, . . . , n, ⋄ Assume

▷ diag(A_k) = e_k, k = 1, . . . , n, ▷ π(S) < 1, ▷ The gap d(λ^∗) is sufficiently large, i.e.,

d(λ^∗) ≥ 4 π(S)‖diag(λ^∗) − diag(A_0)‖_∞ + π(A_0) 1 − π(S) . ⋄ Then the LiPIEP (with m = n) has a real solution c ∈ R^n.

⋄ Idea of proof:

▷ Prove that Gerschgorin circles of A(c) are disjoint.

▷ Use Brouser fixed-point theorem to find a fixed point for the map T (c) = λ^∗ + c − λ(A(c)).

• Open Question: What can be said if m > n?

Multiple Eigenvalue

• Consider the LiPIEP associated with

⋄ Matrices A_i ∈ R^{n×n} , i = 0, 1, . . . , m, and ⋄ k real eigenvalue {λ^∗_1, . . . , λ^∗_k},

▷ λ^∗_i has multiplicity r_i ≥ 0. ▷ r_1 + . . . + r_k = n.

• Let r = max{r_1, . . . , r_k} = maximal multiplicity. • [310, 332] The LiPIEP is unsolvable almost everywhere if n − m + r(r − 1) > 1.

⋄ If n = m, then the LiPIEP is unsolvalbe almost everywhere if and only if r > 1.

Sensitivity Analysis

• The solution to an IEP is generally not unique. • The IEP is generally ill-posed.

⋄ Even if a solution depends continuously upon the problem data, the numerical solution could differ by a great deal with small perturbation.

Forward Problem for General A(c)

• Assume

⋄ A(c) ∈ C^{n×n} is analytic in c ∈ C^m over a neighborhood of 0.

⋄ λ_0 is a simple eigenvalue of A(0).

⋄ x_0 and y_0 are the right and left unit eigenvector, respectively, of A(0) corresponding to λ_0.

• Then

⋄ There exists an analytic function λ(c) in a neighborhood N of 0 ∈ C^m such that ▷ λ(c) is a simple eigenvalue of A(c). ▷ λ(0) = λ_0.

⋄ There exist analytic functions x(c) and y(c) in N such that ▷ x(c) is a right eigenvector corresponding to λ(c). ▷ y(c) is a left eigenvector corresponding to λ(c). ▷ x(0) = x_0, y(0) = y_0.

• Furthermore,� ∂λ(c) ∂c_i � c=0 = y^T_0 � ∂A(c) ∂c � c=0 x_0.

Inverse Problem for Linear Symmetric A(c)

• Assume all matrices are symmetric and the LiPIEP

A(c) = A_0 + n� i=1 c_iA_i

is solvable.

• Assume A(c) = Q(c)diag{λ^∗_k}^n_{k=1}Q(c)^T and define J(c) = � q_i(c)^T A_jq_i(c) � , i, j = 1, . . . , n, b = � q_1(c)^T A_0q_1(c), . . . , q^T_n A_0q_n(c)

�_T . • [360] If

δ = ‖λ^∗ − λ̃‖_∞ + n� i=0 ‖A_i − Ã_i‖_2

is sufficiently small, then ⋄ The PIEP associated with Ã_i, i = 0, . . . , n and {λ̃_1, . . . , λ̃_n} is solvable.

⋄ There is a solution c̃ near to c,

‖c − c̃‖_∞

‖c‖_∞

≤ κ_∞(J(c)) � ‖λ^∗ − λ̃‖_∞ +‖A_0 − Ã_0‖_2 ‖λ^∗ − b‖_∞ + �_n i=1 ‖A_i − Ã_i‖_2 ‖J(c)‖_∞ � +O(δ^2).

Numerical Methods

• Direct methods.

⋄ Lanczos method. • Iterative methods.

⋄ Newton’s method.

⋄ Orthogonal reduction method. • Continuous Methods.

⋄ Homotopy method.

⋄ Projected gradient method. ⋄ ASVD flow method.

Direct Method

• Solution can be found in finite number of steps. • Formulation exists for IEP with Jacobi structure. • Will be discussed in Chapter 4.

Iterative Methods

• Netwon’s method.

⋄ Applicable to real symmetric LiPIEP. ⋄ Fast, but only local convergence.

⋄ Multiple eigenvalue case needs to be handled more carefully.

• Orthogonal reduction method.

⋄ Employs QR-like decomposition. ⋄ Can handle multiple eigenvalues easily.

Newton’s Method (for real symmetric LiPIEP)

• Assume:

⋄ All matrices in A(c) = A_0 + n� i=1 c_iA_i

are real and symmetric.

⋄ All eigenvalues λ^∗_1, . . . , λ^∗_n are distinct. • Consider:

⋄ The affine subspace A := {A(c)|c ∈ R^n}.

⋄ The isospectral surface

M_e(Λ) := {QΛQ^T |Q ∈ O(n)} where Λ := diag{λ^∗_1, . . . , λ^∗_n}.

• Any tangent vector T (X) to M_e(Λ) at a point X ∈ M_e(Λ) must be of the form T (X) = XK − KX for some skew-symmetric matrix K ∈ R^{n×n} .

A Classical Newton Method

• A function f : R −→ R. • The scheme:

x^{(ν+1)} = x^{(ν)} − (f^′(x^{(ν)}))^{−1} f(x^{(ν)}) • The intercept:

⋄ The new iterate x^{(ν+1)} = The x-intercept of the tangent line of the graph of f from (x^{(ν)}, f(x^{(ν)})).

• The lifting:

⋄ (x^{(ν+1)}, f(x^{(ν+1)})) = The natural ”lift” of the intercept along the y-axis to the graph of f from which the next tangent line will begin.

An Analogy of the Newton Method

• Think of:

⋄ The surface M_e(Λ) as playing the role of the graph of f.

⋄ The affine subspace A as playing the role of the xaxis.

• Given X^{(ν)} ∈ M_e(Λ),

⋄ There exist a Q^{(ν)} ∈ O(n) such that Q^{(ν)T} X^{(ν)}Q^{(ν)} = Λ.

⋄ The matrix X^{(ν)} + X^{(ν)}K − KX^{(ν)} with any skewsymmetric matrix K represents a tangent vector to M_e(Λ) emanating from X^{(ν)}.

• Seek an A-intercept A(c^{(ν+1)}) of such a vector with the affine subspace A.

• Lift up the point A(c^{(ν+1)}) ∈ A to a point X^{(ν+1)} ∈ M_e(Λ).

Find the Intercept

• Find a skew-symmetric matrix K^{(ν)} and a vector c^{(ν+1)} such that

X^{(ν)} + X^{(ν)}K^{(ν)} − K^{(ν)}X^{(ν)} = A(c^{(ν+1})). • Equivalently, find K̃^{(ν)} such that

Λ + Λ K̃^{(ν)} − K̃^{(ν)}Λ = Q^{(ν)T} A(c^{(ν+1)})Q^{(ν)}. ⋄ K̃^{(ν)} := Q^{(ν)T} K^{(ν)}Q^{(ν)} is skew-symmetric.

• Can find c^{(ν)} and K^{(ν)} separately.

• Diagonal elements in the system ⇒ J^{(ν)}c^{(ν+1)} = λ^∗ − b^{(ν)}.

⋄ Known quantities:

J^{(ν)}_{ij} := q^{(ν)}_i^T A_jq^{(ν)}_i , for i, j = 1, . . . , n λ^∗ := (λ^∗_1, . . . , λ^∗_n)^T b^{(ν)}_i := q^{(ν)}_i^T A_0q^{(ν)}_i , for i = 1, . . . , n q^{(ν)}_i = the i-th column of the matrix Q^{(ν)}.

• The vector c^{(ν+1)} can be solved.

• Off-diagonal elements in the system together with c^{(ν+1)} ⇒ K̃^{(ν)} (and, hence, K^{(ν)}):

K̃^{(ν)}_{ij} = q (ν) i T A(c^{(ν+1)})q^{(ν)}_j λ^∗_i − λ^∗_j

, for 1 ≤ i < j ≤ n.

Find the Lift-up

• No obvious coordinate axis to follow. • Solving the IEP ≡ Finding M_e(Λ) � A. • Suppose all the iterations are taking place near a point of intersection. Then X^{(ν+1)} ≈ A(c^{(ν+1)}).

• Also should have A(c^{(ν+1)}) ≈ e^{−K (ν)}X^{(ν)}e^{K(ν)}.

• Replace e^{K(ν)} by the Cayley transform:

R := (I +

K^{(ν)} 2 )(I −

K^{(ν)} 2 )^{−1} ≈ e^{K(ν)}.

• Define X^{(ν+1)} := R^T X^{(ν)}R ∈ M_e(Λ).

• The next iteration is ready to begin.

Remarks

• Note that

X^{(ν+1)} ≈ R^T e^{K(ν)}A(c^{(ν+1)})e^{−K (ν)}R ≈ A(c^{(ν+1)}) represents a lifting of the matrix A(c^{(ν+1)}) from the affine subspace A to the surface M_e(Λ).

• The above offers a geometrical interpretation of Method III developed by Friedland el al [145].

• Quadratic convergence even for multiple eigenvalues case.

Continuous Methods

• Homotopy method.

⋄ Homotopy theory for some AIEP’s can be established.

▷ Open Question: Describe a homotopy for general PIEP.

⋄ Provides both an existence proof and a numerical method.

⋄ See discussion in AIEP. • Projection gradient method.

⋄ General, least squares setting.

⋄ Can be generalized to SIEP with any linear structure.

⋄ The method enjoys the globally descent property, but slow.

• ASVD flow method.

⋄ Provides stable coordinate transformations for nonsymmetric matrices.

⋄ Will be discissed in SIEP for stochastic structure.

Projected Gradient Method (for SIEP)

• The idea works for general symmetric A(c) so long as the projection P (X) of a matrix X to A can be calculated.

• The idea applies to SIEP and is described in that setting.

• Idea:

⋄ X ∈ M_e(Λ) satisfies the spectral constraint. ⋄ P (X) ∈ V has the desirable structure in V. ⋄ Minimize the undesirable part ‖X − P (X)‖.

• Working with the parameter Q is easier:

Minimize F (Q) := 1 2 � Q^T ΛQ − P (Q^T ΛQ), Q^T ΛQ − P (Q^T ΛQ) � Subject to Q^T Q = I ⋄ ⟨A, B⟩ = trace(AB^T ) is the Frobenius inner product.

Feasible Set O(n) & Gradient of F

• The set O(n) is a regular surface.

• The tangent space of O(n) at any orthogonal matrix Q is given by T_QO(n) = QK(n) where

K(n) = {All skew-symmetric matrices}.

• The normal space of O(n) at any orthogonal matrix Q is given by N_QO(n) = QS(n).

• The Fréchet Derivative of F at a general matrix A acting on B:

F^′(A)B = 2⟨ΛA(A^T ΛA − P (A^T ΛA)), B⟩. • The gradient of F at a general matrix A:

∇F (A) = 2ΛA(A^T ΛA − P (A^T ΛA)).

The Projected Gradient

• A splitting of R^{n×n} : R^{n×n} = T_QO(n) + N_QO(n) = QK(n) + QS(n).

• A unique orthogonal splitting of X ∈ R^{n×n} :

X = Q � 1 2 (Q^T X − X^T Q)} + Q{ 1 2 (Q^T X + X^T Q) � . • The projection of ∇F (Q) into the tangent space:

g(Q) = Q � 1 2 (Q^T ∇F (Q) − ∇F (Q)^T Q) �

= Q[P (Q^T ΛQ), Q^T ΛQ].

An Isospectral Descent Flow

• A descent flow on the manifold O(n): dQ dt = Q[Q^T ΛQ, P (Q^T ΛQ)].

• A descent flow on the manifold M(Λ): dX dt = dQ^T dt ΛQ + Q^T Λ dQ dt = [X, [X, P (X)] � � �

k(X) ]. • The entire concept can be obtained by utilizing the Riemannian geometry on the Lie group O(n).

Additive Inverse Eigenvalue Problems

• Subvariations. • Solvability Issues. • Sensitivity Issues. • Numerical Methods. • Applications.

Subvariations

• Generic form:

⋄ Given

▷ A fixed matrix A and a class of matrices N in F^{n×n} , ▷ A subset Ω ⊂ F, ⋄ Find

▷ X ∈ N such that σ(A + X) ⊂ Ω. • Some special cases:

⋄ (AIEP1) A is real, X is real diagonal, and F is real. ⋄ (AIEP2) A is real symmetric, X is real diagonal, and F is real.

⋄ (AIEP3) A is complex general, X is complex diagonal, and F is complex.

⋄ Open Question: A = 0, X has prescribed entries at specific location.

Solvability Issues

• If X = diag(c_1, . . . , c_n), then consider

A + X = A + n� i=1 c_i e_ie^T_i� Ai . This is a special PIEP.

• Complex solvability [2, 63, 138]:

⋄ For any specified {λ^∗_k}^n_{k=1} ∈ C, the AIEP3 is solvable.

⋄ There are at most n! solutions.

⋄ For almost all {λ^∗_k}^n_{k=1}, there are exactly n! solutions.

• Real solvability ⋄ Some sufficient conditions:

▷ If d(λ^∗) > 4π(A), then AIEP1 is solvable [101]. ▷ If d(λ^∗) > 2 √ 3 (π(A ∘ A))^{1/2}, then AIEP2 is solvable [170].

⋄ Some necessary conditions:

▷ If AIEP1 is solvable, then � i≠j

(λ^∗_i − λ^∗_j )^2 ≥ 2n � i≠j

a_{ij}a_{ji}.

• Unsolvability:

⋄ Both AIEP1 and AIEP2 are unsolvable almost everywhere if an multiple eigenvalue is present [332].

Sensitivity Issues (for AIEP2)

• Suppose that the AIEP2 is solvable. • Assume

⋄ A(X) := A + X = Q(X)^T ΛQ(X),

▷ Define J(X) := [q^2_{ji}(X)], b(X) := [q_1(X)^T Aq_1(X), . . . , q_n(X)^T Aq_n(X)]^T .

⋄ J(X) is nonsingular, ⋄ The perturbation δ = ‖λ^∗ − λ̃‖_∞ + ‖A − Ã‖_2 is small enough.

• Then

⋄ The AIEP2 associated with Ã and λ̃ is solvable. ⋄ There is a solution X̃ near to X, i.e.,

‖X − X̃‖_∞

‖X‖_∞

≤ κ_∞(J(X)) � ‖λ^∗ − λ̃‖_∞ +‖A − Ã‖_2 ‖λ∗ − b‖_∞ � +O(δ^2).

Numerical Methods

• Most methods for symmetric or Hermitian problem depend heavily on the fact that the eigenvalues are real and can be totally ordered.

⋄ Can consider each eigenvalue λ_i as piecewise differential function λ_i(X).

⋄ Newton’s iteration for AIEP2 is easy to formulate.

• For general matrices where eigenvalues are complex, tracking each eigenvalue requires some kind of matching mechanism.

⋄ Homotopy method naturally track each individual eigenvalue curves as are predetermined by initial values.

⋄ Homotopy method for AIEP3 gives rise to both an existence proof and a numerical method for finding all solutions.

Newton’s Method (for AIEP2)

• At the ν-th iterate, assume Z^{(ν)} ∈ M_e(Λ), Z^{(ν)} = Q^{(ν)T} ΛQ^{(ν)}, A(X^{(ν)}) := A + X^{(ν)}, J^{(ν)} := � q^{(ν)}_{ji}^2 � , b^{(ν)} := � q^{(ν)}_1^T Aq^{(ν)}_1 , . . . , q^{(ν)}_n^T Aq^{(ν)}_n

�_T . • Solve J^{(ν)}X^{(ν+1)} = λ^∗ − b^{(ν)} for X^{(ν+1)}. • Define skew-symmetric matrix

K^{(ν)} := Q^{(ν)} � �q (ν) i T A(X^{(ν+1)})q^{(ν)}_j λ^∗_i − λ^∗_j � � Q^{(ν)T} .

• Update the lift,

R^{(ν)} := � I + K^{(ν)} 2 � � I − K^{(ν)} 2 � −1 , Z^{(ν+1)} := R^{(ν)T} X^{(ν)}R^{(ν)}, Q^{(ν+1)} := R^{(ν)T} Q^{(ν)}.

Homotopy Method (for AIEP3)

Multiplicative Inverse Eigenvalue Problems

• Subvariations. • Solvability Issues. • Sensitivity Issues. • Numerical Methods. • Applications.

Subvariations

• Generic form:

⋄ Given

▷ A fixed matrix A and a class of matrices N in F^{n×n} , ▷ A subset Ω ⊂ F, ⋄ Find

▷ X ∈ N such that σ(XA) ⊂ Ω. • Some special cases:

⋄ (MIEP1) A is real, X is real diagonal, and F is real. ⋄ (MIEP2) A is real, symmetric, and positive definite, X is nonnegative diagonal, and F is real.

⋄ (MIEP3) A is complex general, X is complex diagonal, and F is complex.

⋄ (MIEP4) A is complex Hermitian, F is real, want σ(X^{−1} AX^{−1} ) = {λ^∗_k}^n_{k=1} [120].

⋄ (MIEP5) Preconditioning applications.

Solvability Issues

• If X = diag(c_1, . . . , c_n) and A = [a^T_1 , . . . , a^T_n ]^T , then write

XA = n� i=1 c_i e_ia^T_i� Ai . This is a special PIEP.

• Complex solvability [137]:

⋄ Assume that ▷ All principal minors of A are distinct from zero, ⋄ Then

▷ For any specified {λ^∗_k}^n_{k=1} ∈ C, the MIEP3 is solvable.

▷ There are at most n! solutions.

• Real solvability:

⋄ Some sufficient conditions:

▷ Suppose

· The diagonals of A are normalized to 1, i.e., a_{ii} = 1.

· π(A) < 1.

· d(λ) ≥^{4π(A)‖λ ∗‖infty}

1−π(A) .

▷ Then the MIEP1 is solvable. ⋄ Some necessary conditions:

▷ If MIEP1 is solvable, then n� i=1 x_i = n� i=1 λ^∗_i ,

det(A) n� i=1 x_i = n� i=1 λ^∗_i .

Optimal Conditioning by Diagonal Matrices

• Friedland’s result on MIEP1 suggests that a general complex matrix A can be perfectly conditioned. ⋄ Lacks an efficient algorithm to implement the result.

• Open question: Want to know the optimal preconditioner of a given sparsity pattern [165]. ⋄ Suppose

▷ A is symmetric and positive definite. ▷ A has property A, i.e., A can be symmetrically permuted into � D_1 B B^T D_2 �

where D_1 and D_2 are diagonal. ▷ D = diag(A).

⋄ Then [134]

κ(D^{−1/2} AD^{−1/2} ) = min

^D>0, ^D=diagonal

κ( ^DA ^D).

Sensitivity Issues (for MIEP2)

• Suppose that the MIEP2 is solvable.

• MIEP2 is equivalent to the symmetrized problem: X^{−1/2} A(X)X^{1/2} = X^{1/2}AX^{1/2}.

• Define X^{1/2}AX^{1/2} = U(X)^T ΛU(X), W (X) := [u^2_{ji}(X)].

• Assume

⋄ W (X) is nonsingular, ⋄ The perturbation δ = ‖λ^∗ − λ̃‖_∞ + ‖A − Ã‖_2 is small enough.

• Then

⋄ The MIEP2 associated with Ã and λ̃ is solvable. ⋄ There is a solution X̃ near to X, i.e.,

‖X − X̃‖_∞ ‖X‖_∞ ≤ λ^∗_n λ^∗_1

‖W (X)^{−1} ‖_∞ � ‖λ^∗ − λ̃‖_∞ ‖λ^∗|_∞

+ ‖A − Ã‖_2 � + O(δ^2).

Numerical Methods

• For preconditioning purpose, no need to solve the MIEP precisely.

⋄ There are many techniques for picking up a preconditioner.

⋄ Will not be discussed in this note.

• The MIEP is a linear, but not symmetric PIEP even if A is symmetric.

⋄ The numerical methods for symmmtric PIEP need to be modified.

⋄ If A is a Jacobi matrix, the problem can be solved by direct methods. Will be discussed in Chapter 4.

Reformulate MIEP1 as Nonlinear Equations

• Formulate MIEP1 as solving f(X) = 0 for some nonlinear function f : R^n −→ R^n.

• Different ways to formulate f(X):

⋄ f_i(X) := det(XA − λ^∗_i I). ⋄ f_i(X) := λ_i(XA) − λ^∗_i .

⋄ f_i(X) := α_n(XA−λ^∗_i I), where α_n(M) = the smallest singular values of M.

• Assume that λ_i ≠ 0 and, therefore, Y = X^{−1} exists.

⋄ g_i(Y ) := det(A − λ^∗_i Y ). ⋄ g_i(Y ) := λ_i(A, Y ) − λ^∗_i .

Newton’s Method (for MIEP2)

• Reformulate the MIEP2 as solving equations λ_i(A, Y ) − λ^∗_i = 0, i = 1, . . . n to maintain symmetry.

• At the ν-th stage [213],

⋄ Solve the generalized eigenvalue problem � A − λ(ν)Y^{(ν)} � x^{(ν)} = 0.

▷ Normalize x^{(ν)}_i so that x^{(ν)}_i^T Y^{(ν)}x^{(ν)}_i = 1. ▷ Denote Q^{(ν)} = [x^{(ν)}_1 , . . . x^{(ν)}n ] = [q^{(ν)}_{ij} ].

⋄ Define (the Jacobian matrix of λ(A, Y )) J(Y^{(ν)}) := [−λ^{(ν)}_i q^{(ν)}_{ji} ].

⋄ Solve J(Y^{(ν)})d^{(ν)} = λ^∗ − λ^{(ν)}. ⋄ Update Y^{(ν+1)} := Y^{(ν)} + diag(d^{(ν)}).

Numerical Experience

• Open Question: Given the standard Jacobi matrix A with nonzero row entries [−1, 2, −1], what is the set of all reachable spectra of XA via a nonnegative diagonal matrix X?

• Open Question: In structure design, often we are only interested in a few low order natrual frequencies. Indeed, for large structures, it is impractical to calculate all of the frequencies and modes. How should one solve the problem if only a few low order frequencies are given?

• The above Newton method is only a locally convergent method. It appears that in the case of divergence, the Jacobian matrix J becomes highly ill-conditioned and nearly singular.

• To effectively develop an algorithm for controlling the vibration of a string with a specified set of natural frequencies, for example, we need to have another mechanism that can somehow provide a good initial guess before the Newton’s method can be employed.

Chapter 4 Structured Inverse Eigenvalue Problems

• Jacobi Inverse Eigenvalue Problems • Toeplitz Inverse Eigenvalue Problem • Nonnegative Inverse Eigenvalue Problem • Stochastic Inverse Eigenvalue Problem • Unitary Inverse Eigenvalue Problem • Inverse Eigenvalue Problem with Prescribed Entries • Inverse Singular Value Problems • Inverse Singular/Eigenvalue Problem

Jacobi Inverse Eigenvalue Problems

• Overview.

• Subvariations. • Existence Theory. • Sensitivity Issues. • Numerical Methods.

Overview

• Jacobi structure, i.e.,

J =

� � � � � a_1 b_1 0 0 b_1 a_2 b_2 0 0 b_2 a_3 0 . ... a_{n−1} b_{n−1} 0 b_{n−1} a_n

� � � � � , b_i > 0,

appears in many areas of applications.

⋄ Oscillatory mass-spring systems. ⋄ Composite pendulum. ⋄ Sturm-Liouville problems.

• Jacobi IEP often can be solved by direct methods in finitely many steps.

• For symmetric tridiagonal matrices, there are 2n + 1 unknown entries to be determined. Thus there is in need of 2n + 1 pieces of information.

• For convenience, denote the leading principal submatrix of M by M̄.

Subvariations

• (SIEP6a) [41, 98, 153, 164, 175, 193, 197]:

⋄ Given

▷ Real scalars {λ^∗_k}^n_{k=1} and {μ^∗_1, . . . , μ^∗_{n−1} }, ▷ Interlacing property:

λ^∗_i ≤ μ^∗_i ≤ λ^∗_{i+1}, i = 1, . . . , n − 1, ⋄ Find a Jacobi matrix J such that σ(J) = {λ^∗_k}^n_{k=1} σ(J̄) = {μ^∗_1, . . . , μ^∗_{n−1} }.

• (SIEP2) [40, 98, 193].

⋄ Given

▷ Real scalars {λ^∗_k}^n_{k=1}, ⋄ Find a persymmetric Jacobi matrix J such that σ(J) = {λ^∗_k}^n_{k=1} a_i = a_{n+1−i} b_i = b_{n+2−i} .

• (SIEP6b) [289]:

⋄ Given

▷ Complex and distinct scalars {λ^∗_1, . . . , λ^∗_{2n}} and {μ^∗_1, . . . , μ^∗_{2n−2} } ∈ C, ▷ Closed with complex conjugation.

⋄ Find tridiagonal symmetric matrices C and K for the λ-matrix Q(λ) = λ^2I + λC + K so that σ(Q) = {λ^∗_1, . . . , λ^∗_{2n}}, σ(Q̄) = {μ^∗_1, . . . , μ^∗_{2n−2} }.

▷ Arising from damped oscillatory systems. ▷ Open Question: A practical solution requires additional conditions, i.e., positive diagonal entries, negative off-diagonal entries, and are weakly diagonally dominant.

• (SIEP7) [40, 41, 129]:

⋄ Given

▷ Real scalars {λ^∗_k}^n_{k=1} and {μ^∗_1, . . . , μ^∗_{n−1} }, ▷ Satisfy the interlacing property, ▷ A positive number β, ⋄ Find a periodic Jacobi matrix J of the form

J =

� � � � � a_1 b_1 b_n b_1 a_2 b_2 0 0 b_2 a_3 0 . ... a_{n−1} b_{n−1} b_n b_{n−1} a_n

� � � � � such that

σ(J) = {λ^∗_k}^n_{k=1}, σ(J̄) = {μ^∗_1, . . . , μ^∗_{n−1} }, n� 1 b_i = β.

• (SIEP8) [98]:

⋄ Given

▷ Real scalars {λ^∗_k}^n_{k=1} and {μ^∗_1, . . . , μ^∗_n} ▷ Satisfy the interlacing property λ^∗_i ≤ μ^∗_i ≤ λ^∗_{i+1}, i = 1, . . . , n, with λ^∗_{n+1} = ∞, ⋄ Find Jacobi matrices J and J̃ so that σ(J) = {λ^∗_k}^n_{k=1}, σ(J̃) = {μ^∗_1, . . . , μ^∗_n}, J − J̃ ≠ 0, only at the (n, n) position.

• (SIEP9):

⋄ Given

▷ Distinct real scalars {λ^∗_1, . . . , λ^∗_{2n}}, ▷ A Jacobi matrix J_n ∈ R^{n×n} , ⋄ Find a Jacobi matrix J_{2n} ∈ R^{2n×2n} so that σ(J_{2n}) = {λ^∗_1, . . . , λ^∗_{2n}}, J_{2n}(1 : n, 1 : n) = J_n.

Physical Interpretations

Figure 1: Mass-spring system

• Consider a serially linked mass-spring system with n particles.

⋄ m_i = mass of the i-th particle. ⋄ k_i = spring constant of the i-th spring. ⋄ u_i(t) = displacement of the i-th particle at time t.

• Equation of motion:

m_1 d^2u_1 dt = −k_1u_1 + k_2(u_2 − u_1),

m_i d^2u_i dt = −k_i(u_i − u_{i−1} ) + k_{i+1}(u_{i+1} − u_i), i = 2, . . . , n − 1, m_n d^2u_n dt = −k_n(u_n − u_{n−1} ).

• In matrix form: M d^2u dt = Ku.

⋄ u = [u_1, . . . , u_n]^T . ⋄ M = diag(m_1, . . . , m_n). ⋄ K is the Jacobi matrix given by

K =

� � � � � �

−(k_1+k_2) k_2 0 . . . 0 0 k_2 −(k_2+k_3) k_3 0 0 k_3 −(k_3+k_4) 0 . ... . 0 k_n 0 k_n −k_n

� � � � � � • Fundamental solutions are of the form u(t) = e^{iωt}x.

⋄ Natural frequency/mode equation is governed by Kx = −ω^2Mx.

⋄ Define J = M^{−1/2} KM^{−1} and λ = −ω^2. Then Jx = λx.

• Knowing m_i and k_k, we can predict the natural frequencies and modes of the system.

⋄ The inverse problem means that we would like to calculate values such as^{−k i−k i+1}_{mi} and^{ki+1}√_{mimi+1} from the spectral data.

• SIEP6a ⇐⇒ Identifying the system from its spectrum and the spectrum of the reduced system where the last mass is held to have no motion.

• SIEP2 ⇐⇒ Identifying the system from its spectrum if the system is symmetric with respect to its center.

• SIEP6b ⇐⇒ Identifying the damped system, including its damper configurations, from its spectrum and the spectrum of the reduced system where the last mass is held immboile.S

• SIEP7 ⇐⇒ Same as SIEP6a except that m_1 and m_2 are connected by another spring mechanism to form a loop.

• SIEP8 ⇐⇒ Identifying the system from its spectrum and the spectrum of the new system whereas only the last spring constant is changed.

• SIEP9 ⇐⇒ Identifying the system from its spectrum and physical paramters m_i, k_i of the first half particles.

• Sometimes it is impossible to gather the entire spectrum information. Partial information of some eigenvalues and some eigenvectors can also be used to determine a Jacobi matrix. See Chapter 6.

Existence Theory

• Very rich and nearly complete theory available. • Strictly interlacing property, i.e.,

λ^∗_i < μ^∗_i < λ^∗_{i+1}, i = 1, . . . , n − 1, is a necessary condition unless some subdiagonal (superdiagona) entries are zero.

⋄ Jacobi matrices are assumed to have positive b_i for all i = 1, . . . , n − 1.

⋄ Eigenvalues of a Jacobi matrix are necessarily real and distinct.

⋄ Eigenvalues of J̄ necessarily separate those of J. • Most existence proofs are based on the recurrence relationship between characteristic polynomials for Jacobi matrices.

• Assume that the given eigenvalues satisfy the strictly interlacing property. Then ⋄ The SIEP6a has a unique solution [175]. ⋄ The SIEP8 has a unique solution.

• If {λ^∗_k}^n_{k=1} are distinct. Then the SIEP2 has a unique solution.

• Over the complex field C,

⋄ If the given eigenvalues are distinct, then the SIEP6b is solvable and has at most 2^n(2n − 3)!/(n − 2)! different solutions [289].

⋄ If some eigenvalues are common, then there are infinitely many solutions for the SIEP6b.

• Assume that {μ^∗_1, . . . , μ^∗_{n−1} } are distinct. Then the SIEP7 is solvable if and only if n� k=1 |μ^∗_j − λ^∗_k| ≥ 2β(1 + (−1)^{n−j+1} ),

for all j = 1, . . . , n − 1 [360]. ⋄ No uniqueness can be assumed.

⋄ The eigenvalues of a periodic Jacobi matrix are not necessarily distinct.

⋄ The eigenvalues of J̄ need not separate those of a periodic Jacobi matrix J.

• Assume that {λ^∗_1, . . . , λ^∗_{2n}} are distinct.

⋄ Define

Δ_k=det( � � � 1 . . . 1 1 . . . 1 λ_1 . . . e^T_1 J_ne_1 λ_{k+1} . . . λ_{2n} . . . . . .

λ^{2n−1}_1 . . . e^T_1 J^{2n−1}_n e_1 λ^{2n−1}_{k+1} . . . λ^{2n−1}_{2n}

� � �)

⋄ Then the SIEP9 has a unique solution if and only if Δ_k > 0 for all k = 1, . . . , 2n [360].

Sensitivity Issues

• The function F : R^{2n−1} −→ R^{2n−1} where

F (a_1, . . . , a_n, b_1, . . . , b_{n−1} ) = (σ(J), σ(J̄)) is differentiable, if b_i > 0.

• The solution J to the SIEP6a depends continuously on the given data {λ^∗_k}^n_{k=1} and {μ^∗_1, . . . , μ^∗_{n−1} } [195].

• Let J and J̃ be solutions to the SIEP6a with data λ^∗_1 < μ^∗_1 < λ^∗_2 < . . . < μ^∗_{n−1} < λ^∗_n, λ̃^∗_1 < μ̃^∗_1 < λ̃^∗_2 < . . . < μ̃^∗_{n−1} < λ̃^∗_n Then there exists a constant K such that

‖J − J̃‖_F ≤ K

�_n � i=1 |λ^∗_i − λ̃^∗_i |^2 + n−1� i=1 |μ^∗_i −μ̃^∗_i |^2

�_{1/2} . ⋄ K depends on the separation of the given data measured by d = max{λ^∗_n, λ̃^∗_n}−min{λ^∗_1, λ̃^∗_1},

ϵ_0 = min_{j,k}{|λ^∗_j −μ^∗_k|, |λ̃^∗_j −μ̃^∗_j |} d , δ_0 = min_{j≠k}{|λ^∗_j −λ^∗_k|, |μ^∗_j −μ^∗_k|, |λ̃^∗_j − λ̃^∗_k|, |μ̃^∗_j −μ̃^∗_k|, } 2d .

Numerical Methods

• Lanczos method.

⋄ Given any matrix A, if Q^T AQ = H where Q is orthogonal and H is upper Hessenberg with positive subdiagonal entries, then Q and H are completely determined by A and the first column of Q.

⋄ In our application, J = Q^T ΛQ in symmetric diagonal.

1. a_1 := q^T_1 Aq_1.

2. b_1 := ‖Λq_1 − a_1q_1‖. 3. q_2 = (Λq_1 − a_1q_1)/b_1. 4. For i = 2, . . . , n − 1, (a) a_i := q^T_i Aq_i.

(b) b_i := ‖Λq_i − a_iq_i − b_{i−1} q_{i−1} ‖. (c) q_{i+1} := (Λq_i − a_iq_i − b_{i−1} q_{i−1} )/b_i. 5. a_n := q^T_n Aq_n.

• Orthogonal reduction method.

⋄ Orthogonal tridiagonalization of a bordered diagonal matrix.

Lanczos Method (for SIEP6a)

• Basic facts:

⋄ Given any symmetric matrix A with orthonormal eigenpairs (λ_i, x_i), then

adj(λ_iI − A) = n� k=1 k≠i

(λ_i − λ_k)x_ix^T_i .

⋄ Evaluate the above equation at the (1, 1) position for each x_i to obtain

x^2_{1i} =

�_{n−1} k=1(λ_i − μ_k) �_{nk=1}

k≠i

(λ_i − λ_k) . • For SIEP6a, ⋄ The first column of Q for J can be expressed from the spectral data, i.e., q_{i1} = x_{1i}.

⋄ The Lanczos algorithm kicks in. ⋄ Need reorthogonalization along the way.

Orthogonal Reduction Method (for SIEP6a)

• Construct a bordered diagonal matrix A of the form

A = � � � � α β_1 . . . β_{n−1} β_1 μ^∗_1 0 . ...

β_{n−1} 0 . . . μ^∗_{n−1}

� � � �

with specified eigenvalues σ(A) = {λ^∗_k}^n_{k=1}. ⋄ α is trivially determined. α = n� i=1 λ^∗_i − n−1� i=1 μ^∗_i .

⋄ Characteristic polynomial of A is known.

det(λI − A) = (λ − α) n−1� k=1 (λ − μ^∗_k)

− n−1� i=1 β^2_i � � � n−1� k=1 k≠i

(λ − μ^∗_k) � � � .

⋄ Border elements β_i can be calculated:

β^2_i = −

�_n

k=1(μ^∗_i − λ^∗_k) �_{n−1} k=1 k≠i

(μ^∗_i − μ^∗_k) .

• Derive orthogonal matrix Q efficiently so that � 1 0^T 0 Q^T � A � 1 0^T 0 Q � = � α b_1e^T_1 b_1e_1 J̄ � = J.

⋄ b_1 = ‖β‖.

⋄ Q^T diag(μ^∗_1, . . . , μ^∗_{n−1} )Q = J̄. ⋄ The first column of Q is given by β/b_1. ⋄ The Lanczos method can be employed.

• One may also explore the bordered diagonal structure by using Householder transformation, Givens rotations, the Rutishauser method, and so on [41].

Toeplitz Inverse Eigenvalue Problem

• Overview • Existence Theory • Numerical Methods

Overview

• Symmetric Toeplitz Matrix T (r) := t_{ij} = r_{|i−j|+1} , i.e.,

T (r) :=

� � � � r_1 r_2 . . . r_{n−1} r_n r_2 r_1 r_{n−2} r_{n−1} . ... ... . r_{n−1} r_1 r_2 r_n r_{n−1} r_2 r_1

� � � � .

• Is a special case of centrosymmetric matrices C(n) := {M|M = M^T , M = ΞMΞ}.

⋄ Ξ = [ξ_{ij}] = unit perdiagonal matrix, ξ_{ij} = δ_{i,n−j+1} .

▷ Symmetric vector, if Ξv = v. ▷ Skew-symmetric vector, if Ξv = −v.

• (ToIEP) Find r ∈ R^n such that T (r) has a prescribed set of real numbers {λ^∗_k}^n_{k=1} as its spectrum.

Spectral Properties of Centrosymmetric Matrices

• Any M ∈ C(n) can be decomposed as follows [55]:

n even odd

M � A C^T C ΞAΞ � � � A x C^T x^T q x^T Ξ C Ξx ΞAΞ

� �

√ 2K � I −Ξ I Ξ � � � I 0 −Ξ 0 √ 2 0 I 0 Ξ

� �

KMK^T � A − ΞC 0 0 A + ΞC � � � A − ΞC 0 0 0 q √ 2x^T 0 √ 2x A + ΞC

� �

⋄ A, C, Ξ ∈ R^{⌊n2 × n2 ⌋}. ⋄ x ∈ R^{⌊n2 ⌋}. ⋄ q ∈ R. ⋄ A = A^T .

• Orthonormal eigenvectors Q = K^T Z M can be split into two groups based on diagonal block Z. Z = � Z_1 0 0 Z_2 � . ⋄ Z_1 := Eigenvectors of A − ΞC.

⋄ Z_2 := Eigenvectors of � q √ 2x^T √ 2x A + ΞC � or A+ΞC.

• Eigenvectors of M enjoy special parity properties:

⋄ K^T � Z_1 0 � = ⌊^n_2 ⌋ skew-symmetric eigenvectors ⇒ “Odd” eigenvalues.

⋄ K^T � 0 Z_2 � = ⌈^n_2 ⌉ symmetric eigenvectors ⇒ “Even” eigenvalues.

• Open Question: For an ToIEP to be solvable, each given eigenvalue must carry a specific parity. Can this parity be arbitrarily assigned?

A 3 × 3 Example

• M ∈ C(3): M = � � m_{11} m_{12} m_{13} × m_{22} × × × ×

� � . ⋄ trace(M) = 0 =⇒ Three free parameters in C(3).

• Isospectral subset M_C(λ_1, λ_2, λ_3):

(m_{11} − λ_{σ1} 4 )^2 + 1 2 m^2_{12} =

(λ_{σ2} − λ_{σ3})^2 16 , m_{13} = m_{11} − λ_{σ1}.

⋄ σ = A permutation of integers {1, 2, 3}. • M_C = Three ellipses.

⋄ One circumscribes the other two. • Check # of m_{12}-intercepts ⇒ # of solutions = � 4, if distinct eigenvalues; 2, if multiplicity 2.

Figure 2: Plots of m_{11} versus m_{12} for M_C in C(3).

• Each ellipse = One parity assignment among eigenvalues.

• Wrong assignment ⇒ No Toeplitz. • Magnitude of eigenvalues ⇒ Solvability. • Ordered eigenvalues alternate in parity^?⇒ Safeguard.

Inverse Problem for Centrosymmetric Matrices

• Close form solution:

⋄ Given arbitrary ▷ Diagonal matrix Λ := diag{{λ^∗_k}^n_{k=1}}, ▷ Orthogonal matrix Z_1 ∈ R^{⌊n2 ⌋×⌊ n2 ⌋}, ▷ Orthogonal matrix Z_2 ∈ R^{⌈n2 ⌉×⌈ n2 ⌉}, ⋄ Then the matrix

M := K^T � Z_1 0 0 Z_2 � Λ � Z_1 0 0 Z_2

�_T K. ▷ Is centrosymmetric.

▷ {λ^∗_1, . . . , λ^∗_⌊n_{2 ⌋}} = Odd eigenvalues of M. ▷ {λ^∗_⌊n_{2 ⌋+1}, . . . , λ^∗_n} = Even eigenvalues of M. ▷ M may not be Toeplitz.

• Open Question: Search for a Toeplitz matrix on the isospectral surface M_C({λ^∗_k}^n_{k=1}):

M_C := {M ∈ C(n)| eigenvalues = λ^∗_1, . . . , λ^∗_n}.

Existence

• Solvability has been a challenge.

⋄ n equations in n unknowns. ⋄ n ≥ 5 is analytically intractable.

⋄ Symmetric Toeplitz matrices can have arbitrary real spectra [226].

▷ Thus far, it is a nonconstructive proof by topological degree argument.

▷ Open Question: Any algebraic proof of existence? ⋄ Eigenvalues cannot have arbitrary parity.

Idea in Landau’s Proof

• A matrix T (c_1, . . . , c_n) is regular if every principal submatrix T (c_1, . . . , c_k), 1 ≤ k ≤ n has the properties: ⋄ Distinct eigenvalues.

⋄ Alternate parity with the largest one having even parity.

• Assume the given eigenvalues λ_1 ≤ . . . ≤ λ_n are centered, i.e.,

�_n

i=1 λ_i = 0.

⋄ Suffices to solve the ToIEP for matrices of the form T (0, 1, t_3, . . . , t_n).

⋄ Necessarily λ_1 < 0. • Consider the map ϕ(t_3, . . . , t_n) = (y_2, . . . , y_{n−1} ) ⋄ y_i = −^{λi}_{λ1} , i = 2, . . . , n − 1.

⋄ σ(T (0, 1, t_3, . . . , t_n)) = {λ_1, . . . , λ_n}.

• The range of ϕ is the simplex

Δ := � (y_2, . . . , y_{n−1} )|

−1 ≤ y_2 ≤ . . . ≤ y_{n−1} y_2 + . . . + y_{n−2} + 2y_{n−1} ≤ 1 � . • Landau’s approach:

⋄ The set F of regular Toeplitz matrices of the form T (0, 1, t_3, . . . , t_n) is not empty.

⋄ The map ϕ restricted to those (t_3, . . . , t_n) ∈ R^{n−2} such that T (0, 1, t_3, . . . , t_n) ∈ F is a surjective map onto Δ.

⋄ Any y_1 ≤ . . . ≤ y_n can be shifted and scaled to a unique point in Δ.

Numerical Methods

• Mostly done in S(n).

⋄ Laurie’s Algorithm [227] ⋄ Trench’s Algorithm [337] ⋄ Continuous method • The calculation could be limited to the smaller space C(n).

⋄ Cayley Transform [119] ⋄ Newton’s Refinement to Centrosymmetric Structure

Continuous Method

Refined Newton to Centrosymmetric Structure

• A tangent step • Lift by approximation • Lift by global ordering • Lift by local ordering

A Classical Newton Method

• A function: f : R −→ R.

• The scheme:

x^{(ν+1)} = x^{(ν)} − (f^′(x^{(ν)}))^{−1} f(x^{(ν)}). • The intercept:

⋄ x^{(ν+1)} = The x-intercept of the tangent line of the graph of f from (x^{(ν)}, f(x^{(ν)})).

• The lifting:

⋄ (x^{(ν+1)}, f(x^{(ν+1)})) = The natural “lift” of the intercept along the y-axis to the the graph of f.

An Analogy of the Newton Method

• Think of

⋄ M_C(Λ) = The graph of f.

⋄ T (n) := {Toeplitz matrices} = The x-axis. ⋄ Limit the iteration to C(n).

• Manifold M_C(Λ):

⋄ Parametrization: M = QΛQ^T , Q = K^T Z, Z ∈ O(⌊ n 2 ⌋) × O(⌈ n 2 ⌉). ⋄ Tangent vector:

T_M (M_C) = S̃M − M S̃, S̃ := Q � S_1 0 0 S_2 � Q^T .

▷ S_1 = skew-symmetric in R^{⌊n2 ⌋×⌊ n2 ⌋}.

S_2 = skew-symmetric in R^{⌈n2 ⌉×⌈ n2 ⌉}

A Tangent Step

• Given M^{(ν)} ∈ M_C(Λ) (Parity fixed), ⋄ Find S̃^{(ν)} and r^{(ν+1)} for M^{(ν)} + S̃^{(ν)}M^{(ν)} − M^{(ν)}S̃^{(ν)} = T (r^{(ν+1)}).

• Equivalently:

Λ + S^{(ν)}Λ − ΛS^{(ν)} = Q^{(ν)T} T (r^{(ν+1)})Q^{(ν)} = Z^{(ν)T} KT (r^{(ν+1)})K^T Z^{(ν)}.

⋄ Spectral decomposition: Q^{(ν)T} M^{(ν)}Q^{(ν)} = Λ, Q^{(ν)} = K^T Z^{(ν)}.

• Key observation:

KT (r^{(ν+1)})K^T = � T^{(ν+1)}_1 0 0 T^{(ν+1)}_2 � . ⇒ The system is split in half.

Find the Intercept

• The right-hand side of the system is linear in r^{(ν+1)}. • Diagonal elements in the system ⇒ A linear system for r^{(ν+1)} without reference to S^{(ν)}: J^{(ν)}r^{(ν+1)} = λ.

⋄ λ := [ϕ_1, . . . , ϕ_⌊n_{2 ⌋}, ψ_1, . . . ψ_⌈n_{2 ⌉}]^T (Fixed parity). ⋄ J^{(ν)}_{ij} := � � � (Z^{(ν)}_1 )^T_{∗i}E^{[j]}_1 (Z^{(ν)}_1 )_{∗i}, if 1 ≤ i ≤ ⌊^n_2 ⌋;

(Z^{(ν)}_2 )^T_{∗i}E^{[j]}_2 (Z^{(ν)}_2 )_{∗i}, if ⌊^n_2 ⌋ < i ≤ n. ▷ � E^{[j]}_1 0 0 E^{[j]}_2 � = KT (e_j)K^T .

▷ (Z^{(ν)}_k )_{∗i} := the i^{th} column of the matrix Z^{(ν)}_k . • Only length of ≈^n_2 in all vector-matrix-vector multiplications.

Compute S(ν)

• Once T (r^{(ν+1)}) is determined, off-diagonal elments in the system ⇒ S^{(ν)}:

(S^{(ν)}_1 )_{ij} =

(Z^{(ν)}_1 )^T_{∗i}T^{(ν+1)}_1 (Z^{(ν)}_1 )_{∗j} ϕ_i − ϕ_j

, 1≤i<j ≤⌊ n 2 ⌋,

(S^{(ν)}_2 )_{ij} =

(Z^{(ν)}_2 )^T_{∗i}T^{(ν+1)}_2 (Z^{(ν)}_2 )_{∗j} ψ_i − ψ_j

, 1≤i<j ≤⌈ n 2 ⌉. ⋄ Eigenvalues within each parity group must be distinct.

⋄ λ_1, . . . , λ_n need not be totally distinct. • In case of multiple eigenvalues

⋄ Basis of eigenspace splits as evenly as possible between symmetric and skew-symmetric eigenvectors [113].

⋄ Multiplicity of each eigenvalue ≤ 2 can be formulated.

Find the Lift

• Coordinate-free lift (Friedland, ’87; Chu, ’92):

M^{(ν+1)} := Q^{(ν)}R^{(ν)T} Q^{(ν)T} M^{(ν)}Q^{(ν)}R^{(ν)}Q^{(ν)T} . ⋄ Lift by approximation:

R^{(ν)} := � I + S^{(ν)} 2 � � I − S^{(ν)} 2 � −1 . • In calculation, only need Z^{(ν+1)} := Z^{(ν)}R^{(ν)T} .

⋄ All matrices involved are 2-block diagonal. • Quadratic convergence.

• Multiplicity > 2 ⇒ No S^{(ν)} ⇒ No lift. • Can we by-pass S^{(ν)} to perform a lift?

Lift by Global Ordering

• Idea:

⋄ Look for matrix M^{(ν+1)} ∈ M_C that is nearest to T (r^{(ν+1)}).

Figure 3: Geometry of Lift by Global Ordering.

• Answer: Wielandt-Hoffman theorem.

⋄ Spectral decomposition of T (r^{(ν+1)}) is easy:

Z^{(ν+1)T}KT (r^{(ν+1)})K^T Z^{(ν+1)} = � Λ^{(ν+1)}_1 0 0 Λ^{(ν+1)}_2 � . ⋄ Rearrange {λ_1, . . . , λ_n} in the same ordering as in Λ^{(ν+1)}_1 and Λ^{(ν+1)}_2 to obtain Λ̃^{(ν+1)}_1 and Λ̃^{(ν+1)}_2 .

⋄ Define:

M^{(ν+1)} :=K^T Z^{(ν+1)} � Λ̃^{(ν+1)}_1 0 0 Λ̃^{(ν+1)}_2 � Z^{(ν+1)T} K.

• New starting point:

Λ = Λ^{(ν+1)} := � Λ̃^{(ν+1)}_1 0 0 Λ̃^{(ν+1)}_2 � , Z^{(ν+1)} := Z^{(ν+1)}.

• Significance:

⋄ Parity assignment may be changed. ⋄ No S^{(ν)} is needed.

⋄ Multiple eigenvalues with same parity can be handled.

Lift by Local Ordering

• Would like to avoid computing S^{(ν)} as well as parity switching?

• Idea:

⋄ Λ is kept fixed.

⋄ Reorganize columns of Z^{(ν+1)}_1 and Z^{(ν+1)}_2 . • Calculation:

⋄ Elements in Λ^{(ν+1)}_1 , Λ^{(ν+1)}_2 are in the same ordering as those in Λ_1 and Λ_2.

• New starting point:

Z^{(ν+1)} := The reorganized Z^{(ν+1)}.

• Global ordering = Local ordering, when reaching convergence.

• Quadratic convergence:

⋄ Order of convergence = (order projection)*(order tangent step). (Traub)

Numerical Experiment

• Example 1: Wrong parity • Example 2: Quadratic convergence • Example 3: Multiplicity = 2 • Example 4: Multiplicity = 3 • Example 5: High order case

Example 1: Wrong Parity

• Test data (Wrong parity):

λ_1 = −2.4128 × 10^{+0}(E) λ_2 = −2.6407 × 10^{−1} (E) λ_3 = 2.6769 × 10^{+0}(O)

� � � Wrong parity

Figure 4: Behaviors of Algorithms When Starting with the Wrong Orbit.

• Lift by approximation ⇒ Staying on the wrong orbit. • Local ordering ⇒ Wrong orbit, clustering. • Global ordering ⇒ Change orbit, convergence.

Example 2: Quadratic Convergence

• Limit point r^{(∗)} may be away from original r^{(#)}, even if r^{(0)} ≈ r^{(#)}.

• Limit points may be different among methods, even with the same starting r^{(0)}.

• Eigenvalues of T (r^{(∗)}) = those of T (r^#), but parity may change in the global ordering case.

Case (a) Case (b) Case (c) r^{(#)} 0 0 0 -2.0413×10^{−3} -9.2349×10^{−1} -3.3671×10^{−1} 1.6065×10^{+0} -7.0499×10^{−2} 4.1523×10^{−1} Original Value 8.4765×10^{−1} 1.4789×10^{−1} 1.5578×10^{+0} 2.6810×10^{−1} -5.5709×10^{−1} -2.4443×10^{+0} r^{(0)} 0 0 0 -2.8351×10^{−1} -1.8024×10^{+0} 6.3658×10^{−1} 9.3953×10^{−1} 7.3881×10^{−1} 4.0318×10^{−1} Initial Value 8.2068×10^{−1} 1.5694×10^{−1} 1.0901×10^{+0} 1.0634×10^{+0} -5.2451×10^{−1} -3.2628×10^{+0} r^{(∗)} 2.0426×10^{−16} 2.2204×10^{−16} 7.4940×10^{−16} -2.0413×10^{−3} -9.2349×10^{−1} -3.5391×10^{−1} 1.6065×10^{+0} -7.0499×10^{−2} 4.3645×10^{−1} Local Ordering 8.4765×10^{−1} 1.4789×10^{−1} 1.5244×10^{+0} 2.6810×10^{−1} -5.5709×10^{−1} -2.4655×10^{+0} r^{(∗)} 8.6831×10^{−16} 0 4.7184×10^{−16} -2.0413×10^{−3} -9.2349×10^{−1} -3.3671×10^{−1} 1.6065×10^{+0} -7.0499×10^{−2} 4.1523×10^{−1} Approximation 8.4765×10^{−1} 1.4789×10^{−1} 1.5578×10^{+0} 2.6810×10^{−1} -5.5709×10^{−1} -2.4443×10^{+0} r^{(∗)} 2.4113×10^{−16} -1.1102×10^{−16} 6.1062×10^{−16} -9.3778×10^{−2} -9.2646×10^{−1} 3.5391×10^{−1} 1.5174×10^{+0} -6.1419×10^{−2} 4.3645×10^{−1} Global Ordering 9.9597×10^{−1} 1.3518×10^{−1} -1.5244×10^{+0} 5.7042×10^{−1} -5.4694×10^{−1} -2.4655×10^{+0}

Table 1: Initial and Final Values of r^{(ν)} for Example 2.

Iterations Local Ordering Approximation Global Ordering 0 1.3847×10^{+0} 1.3847×10^{+0} 1.2194×10^{+0} 1 7.1545×10^{−1} 7.1545×10^{−1} 4.2739×10^{−1} 2 2.1982×10^{−2} 6.3866×10^{−2} 1.4179×10^{−2} 3 5.1223×10^{−5} 2.0606×10^{−4} 4.3624×10^{−5} 4 4.4931×10^{−10} 7.1037×10^{−9} 4.7985×10^{−10} 5 1.4729×10^{−15} 2.9671×10^{−15} 1.7659×10^{−15}

Table 2: Errors of Eigenvalues for Case (a) in Example 2.

Example 3: Multiplicity = 2

• Test data (Random number):

−5.8942 × 10^{−1} (E) � −1.8565 × 10^{−1} −1.8565 × 10^{−1} (O) (E) 3.7508 × 10^{−1} (O) 5.8564 × 10^{−1} (E)

• Parity unknown.

⋄ Assume the possibly safest assignment.

• Multiply eigenvalues split between parities.

• Quadratic convergence.

Figure 5: Number of Iteration versus Logarithmic Scale of Errors in Example 3.

Example 4: Multiplicity = 3

• Test data:

−8.4328 × 10^{−1} (E) � � � −1.2863 × 10^{−1} −1.2863 × 10^{−1} −1.2863 × 10^{−1} (O) (E) (O) 1.2292 × 10^{+0} (E)

• Lift by approximation fails.

• Methods by local and global ordering converge to � .2204×10^{−16} , 4.2222×10^{−1} , 1.2863×10^{−1} , 4.2222×10^{−1} , 1.2863×10^{−1} � with error history 2.0327 × 10^{+0} 4.0355 × 10^{−2} 1.3903 × 10^{−4} 3.5477 × 10^{−9} 7.8896 × 10^{−16} .

Example 5: n = 20

• Test data:

−1.0242×10^{+1} −9.6736×10^{+0} −5.5608×10^{+0} −2.2651×10^{+0} 5.5692×10^{−1} 2.1786×10^{+0} 3.3867×10^{+0} 4.0016×10^{+0} 6.3594×10^{+0} 8.7090×10^{+0}

−1.0416×10^{+1} −9.4352×10^{+0} −4.7955×10^{+0} −7.7180×10^{−1} 6.3996×10^{−1} 2.6374×10^{+0} 4.4879×10^{+0} 4.7572×10^{+0} 6.2222×10^{+0} 9.2230×10^{+0}

⋄ Not the safest possible parity assignment, first ten odd, last ten even.

• Method of approximation fails after 100 iterations. • Method of global ordering performs best.

Figure 6: Number of Iteration versus Logarithmic Scale of Errors in Example 5.

Conclusion

• Solving the ToIEP within the subspace C(n) is possible.

⋄ Problem size and cost are halved. ⋄ Multiple eigenvalue case can be handled.

• Coordinate-free Newton-like methods are available.

⋄ Quadratic convergence is observed.

• Parity assignment of eigenvalues plays an important role in whether an ToIEP is solvable.

• Both local and global ordering, based on the Wielandt- Hoffman theorem, permit a new way of lifting. ⋄ Higher multiplicity eigenvalue case can now be handled.

Nonnegative Inverse Eigenvalue Problem

• Overview • Some Existence Results • Symmetric Nonnegative Inverse Eigenvalue Problem • Numerical methods

Overview

• Many discussions in the literature on the subject [26, 30, 45, 130, 140, 143, 245, 262, 109, 318].

• Most discussions center around establishing a sufficient or necessary condition to qualify whether a given set of values is the spectrum of a nonnegative matrix.

• Open Question: Which sets of n real numbers occur as the spectrum of a nonnegative matrix?

• Open Question: Which sets of n real numbers occur as the spectrum of a symmetric nonnegative matrix?

• Open Question: Very few numerical algorithms.

Some Existence Results

• Suppose {λ^∗_k}^n_{k=1} are eigenvalues of an n × n nonnegative matrix. The the moments s_k = n� i=1 (λ^∗_i )^k

must satisfy s^m_k ≤ n^{m−1} s_{km} for all k, m = 1, 2, . . . [245].

• The set {λ^∗_k}^n_{k=1} ⊂ C is the nonzero spectrum of a strictly positive matrix of size m ≥ n if and only if [45] ⋄ λ^∗_1 > |λ^∗_i | for all i > 1, ⋄ s_k > 0 for all k = 1, 2, . . . , and ⋄ The polynomial

�_n

i=1(t − λ^∗_i ) has real coefficients.

Symmetric Nonnegative Inverse Eigenvalue Problem

• There exist real numbers {λ^∗_k}^n_{k=1} that occur as the spectrum of a nonnegative n × n matrix, but do not occur as the spectrum of a symmetric nonnegative n×n matrix [212].

• The symmetric nonnegative inverse eigenvalue problem can be formulated as a constrained optimization problem of minimizing the objective function

F (Q, R) := 1 2 ‖Q^T ΛQ − R ∘ R‖^2,

subject to

(Q, R) ∈ O(n) × S(n).

• For nonsymmetric nonnegative inverse eigenvalue problems, see the discussion for the stochastic inverse eigenvalue problems.

Numerical Method

• A dynamical system resulting from projected gradient flow can be formulated as [74]: dX dt = [X, [X, Y ]], dY dt = 4Y ∘ (X − Y ).

⋄ X(t) = Q(t)^T ΛQ(t) is an isospectral matrix. ⋄ Y (t) = R(t) ∘ R(t) is a symmetric nonnegative matrix.

Stochastic Inverse Eigenvalue Problem

• General View • Karpelevič’s Theorem • Relationship to Nonnegative Matrices • Basic Formulation • Steepest Descent Flow • ASVD Flow • Convergence • Numerical Experiment • Conclusion

General View

• Construct a stochastic matrix with prescribed spectrum.

⋄ Stochastic structure. ⋄ No strings of symmetry.

⋄ Eigenvalues can appear in complex conjugate pairs. • A hard problem [215, 262].

⋄ The set Θ_n of points in the complex plane that are eigenvalues of stochastic n×n matrices is completely characterized.

⋄ The Karpelevič theorem characterizes only one complex value a time and does not provide further insights into when two or more points in Θ_n are eigenvalues of the same stochastic matrix.

Karpelevič’s Theorem

• A number λ is an eigenvalue for a stochastic matrix if and only if it belongs to a region Θ_n. ⋄ Region is symmetric about the real axis. ⋄ The points on the unit circles are given by e^{2πia/b} where a and b range over all integers such that 0 ≤ a < b ≤ n.

⋄ The boundary of Θ_n consists of curvilinear arcs connecting these points in circular order. These arcs are characterized by specific parametric equations λ^q(λ^p − t)^r = (1 − t)^r, (λ^b − t)^d = (1 − t)^dλ^q, where 0 ≤ t ≤ 1, and b, d, p, q, r are natural integers determined certain specific rules (explicitly given in [215, 262]).

• The region Θ_4 is shown in Figure 7.

Figure 7: Θ_4 by the Karpelevič Theorem.

Relation to Nonnegative Matrices

• A complex nonzero number α is an eigenvalue of a nonnegative matrix with a positive maximal eigenvalue r if and only if α/r is an eigenvalue of a stochastic matrix.

• Key transformation:

⋄ Suppose A is a nonnegative matrix with positive maximal eigenvalue r and a positive maximal eigenvector x.

⋄ Then D^{−1} r^{−1} AD is a stochastic matrix where D := diag{x_1, . . . , x_n}.

• The nonnegative inverse eigenvalue probelm (NIEP) has been discussed earlier.

⋄ Some necessary and a few sufficient conditions for the NIEP are available [30].

⋄ A continuous method for the symmetric NIEP can be formulated [74].

⋄ Open Question: Need a numerical algorithm for general NIEP.

Basic Formulation

• Notation:

M(Λ) := {P ΛP^{−1} |P ∈ R^{n×n} is nonsingular} π(R^n_+) := {B ∘ B|B ∈ R^{n×n} } ⋄ Λ = real-valued matrix carrying the spectrum information.

⋄ ∘ = Hadamard product. • Idea:

⋄ Find the intersection of M(Λ) and π(R^n+). ⋄ The intersection, if exists, results in a nonnegative matrix isospectral to Λ.

⋄ Reduce the nonnegative matrix, if its maximal eigenvector is positive, to a stochastic matrix by diagonal similarity transformation.

Reformulation

Minimize F (P, R) := 1 2 ||P JP^{−1} − R ∘ R||^2 Subject to P ∈ Gl(n), R ∈ gl(n) • P and R are used as coordinates to maneuver elements in M(Λ) and π(R^n_+) to reduce the objective value.

• Feasible domains are open sets. • A minimum may not exist.

Gradient of F

• Inner product in the product topology:

⟨(X_1, Y_1), (X_2, Y_2)⟩ := ⟨X_1, X_2⟩ + ⟨Y_1, Y_2⟩. • With respect to the product topology:

∇F (P, R) = � (Δ(P, R)M(P )^T − M(P )^T Δ(P, R))P^{−T} , −2Δ(P, R) ∘ R) .

⋄ Abbreviation: M(P ) := P JP^{−1} Δ(P, R) := M(P ) − R ∘ R.

Steepest Descent Flow

• Steepest descent flow: dP dt = [M(P )^T , Δ(P, R)]P^{−T} dR dt = 2Δ(P, R) ∘ R.

• Advantages:

⋄ No longer need the projection of ∇F (P, R) as does in the symmetric case.

⋄ The zero structure in the original matrix R(0) is preserved throughout the integration — may be used to explore the possibility of constructing a Markov chain with prescribed linkages and spectrum.

• Disadvantage:

⋄ The solution flow P (t) is susceptible to becoming unbounded — a possible frailty.

⋄ The involvement of P^{−1} is somewhat worrisome.

ASVD flow

• An analytic singular value decomposition of the path of matrices P (t) is an analytic path of factorizations P (t) = X(t)S(t)Y (t)^T where X(t) and Y (t) are orthogonal and S(t) is diagonal.

• An ASVD exists if P (t) is analytic [48, 345]. • The fact that P (t) defined by the differential system is analytic follows from the Cauchy-Kovalevskaya theorem since the coefficients of the vector field are analytic.

New Coordinate System

• The two matrices P and R are used, respectively, as coordinates to describe the isospectral matrices and nonnegative matrices.

⋄ May have used more dimensions of variables than necessary — does no harm.

⋄ When flows P (t) and R(t) are introduced, in a sense a flow in M(Λ) and a flow in π(R^n_+) are also introduced.

• The motion of the coordinate P is further described by three other variables X, S, and Y according to the ASVD.

• To produce the steepest descent flow, a coordinate system (X(t), S(t), Y (t), R(t)) is eventually imposed on matrices in M(Λ) × π(R^n_+).

Calculating the ASVD

• Differentiate P (t) = X(t)S(t)Y (t)^T : (Wright ’92): Ṗ = ẊSY^T + XṠY^T + XSẎ^T X^TṖ Y = X^TẊ� � � Z S + Ṡ + S Ẏ^T Y� � � W ⋄ Z, W are skew-symmetric matrices.

• Define Q := X^TṖ Y .

⋄ Q is known since Ṗ is already specified. ⋄ The inverse of P (t) is calculated from P^{−1} = Y S^{−1} X^T .

⋄ The diagonal entries of S = diag{s_1, . . . , s_n} provide us with information about the proximity of P (t) to singularity.

• Flow for S(t): dS dt = diag(Q).

• Obtain W (t) and Z(t): q_{jk} = z_{jk}s_k + s_jw_{jk}, −q_{kj} = z_{jk}s_j + s_kw_{jk}.

⋄ If s^2_k ≠ s^2_j, then

z_{jk} = s_kq_{jk} + s_jq_{kj} s^2_k − s^2_j , w_{jk} = s_jq_{jk} + s_kq_{kj} s^2_j − s^2_k for all j > k.

• Flow for X(t) and Y (t): dX dt = XZ. dY dt = Y W.

• The flow is now ready to be integrated by any IVP solvers.

Convergence

• The approach fails only when:

⋄ P (t) becomes singular in finite time — requires a restart.

⋄ F (P (t), R(t)) converges to a nonzero constant — a LS local solution is found.

• Gradient flows enjoy global convergence:

⋄ G(t) := F (P (t), R(t)) enjoys the property: dG dt = −‖∇F (P (t), R(t))‖^2 ≤ 0

along any solution curve (P (t), R(t)).

⋄ Suppose P (t) remains nonsingular. Then G(t) converges.

Numerical Experiment

• Integrator: MATLAB ODE SUITE ⋄ ode113 = ABM, PECE, non-stiff system. ⋄ ode15s = Klopfenstein-Shampine, quasiconstant step size, stiff system.

• Stopping criteria:

⋄ ABSERR = RELERR = 10^{−12} .

⋄ ‖Δ(P, R)‖ ≤ 10^{−9} ⇒ a stochastic matrix has been found.

⋄ Relative improvement of Δ(P, R) between two consecutive output points ≤ 10^{−9} ⇒ a LS solution is found.

Example 1

• Spectrum:

{1.0000, −0.2403, 0.1186 ± 0.1805i, −0.1018}

• Initial values:

P_0 =

� � � �

0.2002 0.4213 0.9229 0.7243 0.4548 0.6964 0.0752 0.9361 0.2235 0.0981 0.7538 0.3620 0.2157 0.5272 0.2637 0.4366 0.3220 0.8688 0.1729 0.8697 0.8897 0.1436 0.7097 0.5343 0.7837

� � � � R_0 = .83281

• Limit point:

B =

� � � � �

0.1679 0.0522 0.4721 0.0000 0.3078 0.1436 0.1779 0.4186 0.1901 0.0698 0.0000 0.1377 0.5291 0.3034 0.0299 0.0560 0.4690 0.2404 0.0038 0.2309 0.1931 0.1011 0.5339 0.1553 0.0165

� � � � � .

Figure 8: A log-log plot of F (P (t), R(t)) versus t for Example 1.

• Both solvers work reasonably.

⋄ ode15s advances with larger step sizes at the cost of solving implicit algebraic equations.

⋄ Jacobians are calculated by finite difference. Function calls could be reduced by fewer output points.

• Different initial values lead to different stochastic matrices.

Example 2

• Spectrum:

{1.0000, −0.2608, 0.5046, 0.6438, −0.4483} • Looking for a Markov chain with ring linkage, i.e., each state is linked at most to its two immediate neighbors.

• Initial values:

P_0 =

� � � � �

0.1825 0.7922 0.2567 0.9260 0.9063 0.1967 0.5737 0.7206 0.5153 0.0186 0.5281 0.2994 0.9550 0.6994 0.1383 0.7948 0.6379 0.5787 0.1005 0.9024 0.5094 0.8956 0.3954 0.6125 0.4410

� � � � �

R_0 = 0.9210

� � � � �

1 1 0 0 1 1 1 1 0 0 0 1 1 1 0 0 0 1 1 1 1 0 0 1 1

� � � � � .

• Limit point:

D =

� � � �

0.0000 0.3094 0 0 0.6906 0.0040 0.5063 0.4896 0 0 0 0.0000 0.5134 0.4866 0 0 0 0.7733 0.2246 0.0021 0.4149 0 0 0.3900 0.1951

� � � �

Example 3

• Spectrum

{1.0000, −0.2403, 0.3090 ± 0.5000i, −0.1018}

• Initial values: same as Example 1 (or modify R_0).

• Slow convergence:

E =

� � � �

0.3818 0.0000 0.4568 0.0000 0.1614 0.5082 0.3314 0.0871 0.0049 0.0684 0.0000 0.0000 0.5288 0.4712 0.0000 0.0266 0.7634 0.0292 0.0310 0.1498 0.5416 0.0524 0.3835 0.0196 0.0029

� � � �

F =

� � � � �

0.3237 0 0.4684 0 0.2079 0.4742 0.3184 0.1303 0.0007 0.0764 0 0.0000 0.5231 0.4769 0 0.0066 0.7536 0.0372 0.0958 0.1068 0.5441 0.0429 0.3959 0.0022 0.0149

� � � � �

Conclusion

• The theory of solvability on the StIEP or the NIEP is yet to be developed.

• An ODE approach capable of solving the StIEP or the NIEP numerically, if the prescribed spectrum is feasible, is proposed.

• The method is easy to implement by existing ODE solvers.

• The method can also be used to approximate least squares solutions or linearly structured matrices.

Figure 9: A comparison of steps taken by ode113 and ode15s for Example 1.

Figure 10: A log-log plot of F (P (t), R(t)) versus t for Example 3.

Unitary Inverse Eigenvalue Problem

• Overview • Formulation • Existence Theory

Overview

• Eigenvalue of unitary matrices are on the unit circle. • Suffices to concentrate on unitary Hessenberg matrices. • Any upper Hessenberg unitary matrix H with positive subdiagonal entries can uniquely expressed as the prod- uct H = G_1(η_1) . . . G_{n−1} (η_{n−1} )G̃_n(η_n), ⋄ η_k ∈ C with |η_k| < 1 for 1 ≤ k < n and |η_n| = 1. ⋄ Each G_k(η_k), k = 1, . . . , n − 1 is a Givens rotation,

G_k(η_k) = � � � � I_{k−1} −η_k ζ_k ζ_k η̄_k I_{n−k+1}

� � � � with ζ_k := � 1 − |η_k|^2.

⋄ G̃_n(η_n) = diag[I_{n−1} , −η_n].

• Each upper Hessenbergunitary matrix is determined by 2n − 1 real parameters.

⋄ {η_k}^n_{j=1} are called the Schur parameters. ⋄ H = H(η_1, . . . , η_n).

Formulation

• The Schur parametrization of an upper Hesserberg unitary matrix requies 2n − 1 pieces of information.

⋄ The complementary parameters {ζ_k}^{n−1}_{k=1} are the subdiagonal elements of H and cannot be independently given.

• Upper Hessenberg unitary matrices with positive subdiagonal entries are related to orthogonal polynomials on the unit circle.

⋄ Jacobi matrices are related to orthogonal polynomials on an interval.

⋄ There should considerably similarity between unitary inverse eigenvalue problems the Jacobi inverse eigenvalue problems.

• Need a concept for modified principal submatrices of H.

Existence Theory

• Analogue of SIEP8:

⋄ Given

▷ Two sets {λ^∗_k}^n_{k=1} and {μ^∗_k}^n_{k=1} strictly interlaced on the unit circle, ⋄ Then there exist a unique H = H(η_1, . . . , η_n) and a unique α ∈ C of unit modulus such that ▷ σ(H) = {λ^∗_k}^n_{k=1}.

▷ σ(H(αη_1, . . . , αη_n)) = {μ^∗_k}^n_{k=1}. • Analogue of SIEP6a [4]:

⋄ Given

▷ Two sets {λ^∗_k}^n_{k=1} and {μ^∗_k}^{n−1}_{k=0} strictly interlaced on the unit circle, ⋄ Then there exist a unique H = H(η_1, . . . , η_n) such that ▷ σ(H) = {λ^∗_k}^n_{k=1}.

▷ σ(H(η_1, . . . , η_{n−2} , ρ_{n−1} )) = {μ^∗_k}^{n−1}_{k=1} with

ρ_{n−1} = η_{n−1}μ̄_0η_n 1 +μ̄_0η̄_{n−1} η_n .

Inverse Eigenvalue Problems with Prescribed Entries

• Overview • Prescribed Entries Along the Diagonal • Prescribed Entries at Arbitrary Location • Numerical Methods

Overview

• The PEIEP is a special kind of matrix completion problem [217]: ⋄ Given

▷ A certain subset K = {(i_t, j_t}^k_{t=1} of pairs of subscripts, ▷ A certain set of values {a_1, . . . , a_k} ⊂ F, ▷ Another set of n values {λ^∗_k}^n_{k=1}, ⋄ Find a matrix X ∈ F^{n×n} such that

▷ σ(X) = {λ^∗_k}^n_{k=1}.

▷ X_{it,jt} = a_t for t = 1, . . . , k.

• Positions that do not belong to K are free, whose n^2 −k entries are to be determined. ⋄ Jacobi structure is a special case.

⋄ Sometimes only need to fill K positions with prescribed values, but not in any specific order.

• What is the minimal/maximal count of k for the problem to make sense?

Prescribed Entries along the Diagonal

• Schur-Horn Theorem (on Hermitain matrices). • Mirsky Theorem (on general matrices). • Sing-Thompson Theorem (on singular values). • de Oliveira Theorem (on general diagonals).

Schur-Horn Theorem

• Concerns with the relationship between diagonal entries and eigenvalues of a Hermitian matrix.

• The vector a ∈ R^n is said to majorize λ ∈ R^n if, assuming the ordering a_{j1} ≤ . . . ≤ a_{jn}, λ_{m1} ≤ . . . ≤ λ_{mn}, the following relationships hold: k� i=1 λ_{mi} ≤ k� i=1 a_{ji}, for k = 1, . . . n, n� i=1 λ_{mi} = n� i=1 a_{ji}.

• A Hermitian matrix H with eigenvalues λ and diagonal entries a exists if and only if a majorizes λ.

• The proof for the sufficient part is the hard part.

⋄ (SHIEP) Construct such a Hermitian matrix with given diagonals a and eigenvalues λ, if a majorizes λ [78, 379].

Mirsky Theorem

• Is there any similar connection between eigenvalues and diagonal entries of a general matrix?

• A matrix with eigenvalues λ_1, . . . , λ_n and main diagonal elements a_1, . . . , a_n exists if and only if n� i=1 a_i = n� i=1 λ_i.

⋄ Not an interesting inverse eigenvalue problems.

Sing-Thompson Theorem

• Concerns with the relationship singular values and diagonal entries of a general matrix.

• Given vectors d, s ∈ R^n,

⋄ Assume s_1 ≥ s_2 ≥ . . . s_n, |d_1| ≥ |d_2| ≥ . . . |d_n|.

⋄ A real matrix with singular values s and main diagonal entries d (possibly in different order) exists if and only if k� i=1 |d_i| ≤ k� i=1 s_i, for k = 1, . . . , n, �_{n−1} � i=1 |d_i| � − |d_n| ≤

�_{n−1} � i=1 s_i � − s_n.

• (STISVP) Construct such a square matrix with given diagonals and singular values [71].

de Oliveira Theorem

• Corresponding to a given permutation ρ, the set D = {(i, ρ(i))}^n_1 is called a ρ-diagonal.

⋄ Let ρ = ρ_1 . . . ρ_s be the representation of ρ as the product of disjoint cycles ρ_k.

• A generalizaton of the Mirsky Theorem [105, 106, 107]:

⋄ Given

▷ Arbitrary {λ^∗_k}^n_{k=1} ⊂ F, ▷ Arbitrary numbers {a_1, . . . , a_n} ⊂ F, ▷ Suppose that at least one of the cycles ρ_1, . . . , ρ_s has length > 2.

⋄ Then there exists a matrix X ∈ F^{n×n} such that ▷ σ(X) = {λ^∗_k}^n_{k=1}.

▷ X_{i,ρ(i)} = a_i for i = 1, . . . n.

Prescribed Entries at Arbitrary Locations

• London-Minc Theorem [246, 105]:

⋄ Given

▷ Arbitrary {λ^∗_k}^n_{k=1} ⊂ F, ▷ Arbitrary values a_1, . . . , a_{n−1} , ▷ Arbitrary but distinct positions {(i_t, j_t)}^{n−1}_{t=1} , ⋄ There exists a matrix X ∈ F^{n×n} such that ▷ σ(X) = {λ^∗_k}^n_{k=1}.

▷ X_{it,jt} = a_t for t = 1, . . . , n − 1.

• Can matrices have arbitrary n−1 prescribed entries and prescribed characteristic polynomials? (See [116, 217].)

• Open Question: How many more entries of a matrix can be specified with prescribed eigenvalues?

Cardinality and Locations

• Specific locations:

⋄ Both the SHIEP and the STISVP have n prescribed entries that are located at the diagonal. ▷ Certain inequalities involving the prescribed eigenvalues and diagonal entries must be satisfied.

⋄ The AIEP has n^2 − n prescribed entries that are located at the off-diagonal.

▷ The AIEP is always solvable over an algebraically closed field and there at most n! solutions.

• Arbitrary locations with |K| = n [217]:

⋄ Suppose that

▷ F is algebraically closed.

▷ The Mirsky condition is satisfied, if K = {(i, i)}^n_{i=1}. ▷ a_i = λ_j for some j, if K = {(i, j_t)}^n_{t=1} and a_t = 0 for all j_t ≠ i.

⋄ Then the PEIPE is solvable via rational algorithm over F.

• Arbitrary location with |K| = 2n − 3 [191]:

⋄ Suppose that

▷ F is algebraically closed.

▷ The Mirsky condition is satisfied, if K ⊇ {(i, i)}^n_{i=1}. ▷ a_i = λ_j for some j, if K ⊇ {(i, j_t)}^n_{t=1} and a_t = 0 for all j_t ≠ i.

⋄ Then the PEIEP is solvable in F.

Numerical Methods

• Projected gradient method can be applied [78].

• An induction proof can be implemented as a recursive algorithm, provided the computer permits a subprogram to invoke itself recursively.

⋄ Fast recursive algorithms have been proposed for inverse problem associated with the SHIEP and the STISVP Theorem.

⋄ Details are similar to discussion for the inverse singular/eigenvalue problem.

• Open Question: Has not seen the numerical implementation of either the de Oliveira Theorem or the London- Minc Theorem, though this could be done in finitely many steps.

• Open Question: Need an algorithm to implement the Hershkowitz results.

Inverse Singular Value Problems

• IEP versus ISVP. • Existence Question. • A Continuous Approach. • An Iterative Method for IEP. • An Iterative Approach for ISVP.

IEP versus ISVP

• Inverse Eigenvalue Problem (IEP):

⋄ Given ▷ Symmetric matrices A_0, A_1,. . ., A_n ∈R^{n×n} ; ▷ Real numbers λ^∗_1 ≥ . . . ≥ λ^∗_n, ⋄ Find ▷ Values of c := (c_1, . . . , c_n)^T ∈ R^n ▷ Eigenvalues of the matrix

A(c) := A_0 + c_1A_1 + . . . + c_nA_n are precisely λ^∗_1, . . . , λ^∗_n.

• Inverse Singular Value Problem ISVP:

⋄ Given ▷ General matrices B_0, B_1, . . . , B_n ∈ R^{m×n} , m ≥ n; ▷ Nonnegative real numbers σ^∗_1 ≥ . . . ≥ σ^∗_n, ⋄ Find ▷ Values of c := (c_1, . . . , c_n)^T ∈ R^n ▷ Singular values of the matrix

B(c) := B_0 + c_1B_1 + . . . + c_nB_n are precisely σ^∗_1, . . . , σ^∗_n.

Existence Question

• Not always does the IEP have a solution. • Inverse Toeplitz Eigenvalue Problem (ITEP) ⋄ A special case of the (IEP) where A_0 = 0 and A_k := (A^{(k)}_{ij} ) with

A^{(k)}_{ij} := � 1, if |i − j| = k − 1; 0, otherwise.

⋄ Symmetric Toeplitz matrices can have arbitrary real spectra [226].

• Not aware of any result concerning the existence question for ISVP.

Notation

• O(n) := All orthogonal matrices in R^{n×n} ; • Σ = (Σ_{ij}) := A ”diagonal” matrix in R^{m×n}

Σ_{ij} := � σ^∗_i , if 1 ≤ i = j ≤ n; 0, otherwise.

• M_s(Σ) := {UΣV^T |U ∈ O(m), V ∈ O(n)} ⋄ Contains all matrices in R^{m×n} whose singular values are precisely σ^∗_1, . . . , σ^∗_n.

• B := {B(c)|c ∈ R^n}.

• Solving the ISVP ≡ Finding an intersection of the two sets M_s(Σ) and B.

A Continuous Approach

• Assume

⋄ ⟨B_i, B_j⟩ = δ_{ij} for 1 ≤ i ≤ j ≤ n. ⋄ ⟨B_0, B_k⟩ = 0 for 1 ≤ k ≤ n.

• The projection of X onto the linear subspace spanned by B_1, . . . , B_n:

P (X) = n� k=1 ⟨X, B_k⟩B_k.

• The distance from X to the affine subspace B:

dist(X, B) = ‖X − (B_0 + P (X))‖.

• Define, for any U ∈ R^{m×m} and V ∈ R^{n×n} , a residual matrix:

R(U, V ) := UΣV^T − (B_0 + P (UΣV^T )). • Consider the optimization problem:

Minimize F (U, V ) := 1 2 ‖R(U, V )‖^2 Subject to (U, V ) ∈ O(m) × O(n).

Compute the Projected Gradient

• Frobenius inner product on R^{m×m} × R^{n×n} :

⟨(A_1, B_1), (A_2, B_2)⟩ := ⟨A_1, A_2⟩+⟨B_1, B_2⟩. • The gradient ∇F may be interpreted as the pair of matrices:

∇F (U, V ) = (R(U, V )V Σ^T , R(U, V )^T UΣ). • Tangent space can be split:

T_{(U,V )}(O(m) × O(n)) = T_U O(m) × T_V O(n). • Projection is easy because: R^{n×n} = T_V O(n) ⊕ T_V O(n)^⊥ = V S(n)^⊥ ⊕ V S(n)

• Project the gradient ∇F (U, V ) onto the tangent space T_{(U,V )}(O(m) × O(n)):

g(U, V ) = � R(U, V )V Σ^T U^T −UΣV^T R(U, V )^T 2 U, R(U, V )^T UΣV^T −V Σ^T U^T R(U, V ) 2 V � . • Descent vector field: d(U, V ) dt = −g(U, V )

defines a steepest descent flow on the manifold O(m)× O(n) for the objective function F (U, V ).

The Differential Equation on Ms(Σ)

• Define X(t) := U(t)ΣV (t)^T .

• X(t) satisfies the differential system: dX dt = X X^T (B_0 + P (X)) − (B_0 + P (X))^T X 2 − X(B_0 + P (X))^T − (B_0 + P (X))^T X 2 X. • X(t) moves on the iso-singular-value surface M_s(Σ) in the steepest descent direction to minimize dist(X(t), B).

• This is a continuous method for the ISVP.

Remarks

• No assumption on the multiplicity of singular values is needed.

• Any tangent vector T (X) to M_s(Σ) at a point X ∈ M_s(Σ) about which a local chart can be defined must be of the form

T (X) = XK − HX

for some skew symmetric matrices H ∈ R^{m×m} and K ∈ R^{n×n} .

An Iterative Approach for ISVP

• An analogous Newton iteration for PIEP has been discussed.

• Assume

⋄ Matrices B_0, B_1, . . . , B_n are arbitrary. ⋄ All singular values σ^∗_1, . . . , σ^∗_n are positive and distinct.

• Given X^{(ν)} ∈ M_s(Σ)

⋄ There exist U^{(ν)} ∈ O(m) and V^{(ν)} ∈ O(n) such that U^{(ν)T} X^{(ν)}V^{(ν)} = Σ.

⋄ Seek a B-intercept B(c^{(ν+1)}) of a line that is tangent to the manifold M_s(Σ) at X^{(ν)}.

⋄ Lift the matrix B(c^{(ν+1)}) ∈ B to a point X^{(ν+1)} ∈ M_s(Σ).

Find the Intercept

• Find

⋄ Skew-symmetric matrices H^{(ν)} ∈ R^{m×m} and K^{(ν)} ∈ R^{n×n} , and ⋄ A vector c^{(ν+1)} ∈ R^n, such that

X^{(ν)} + X^{(ν)}K^{(ν)} − H^{(ν)}X^{(ν)} = B(c^{(ν+1)}) • Equivalently,

Σ + Σ K̃^{(ν)} − H̃^{(ν)}Σ = U^{(ν)T} B(c^{(ν+1)})V^{(ν)} ⋄ Underdetermined skew-symmetric matrices: H̃^{(ν)} := U^{(ν)T} H^{(ν)}U^{(ν)}, K̃^{(ν)} := V^{(ν)T} K^{(ν)}V^{(ν)}.

• Can determine c^{(ν+1)}, H^{(ν)} and K^{(ν)} separately.

• Totally^{m(m−1)}_2 +^{n(n−1)}_2 + n unknowns — the vector c^{(ν+1)} and the skew matrices H̃^{(ν)} and K̃^{(ν)}.

• Only mn equations.

• Observe: H̃^{(ν)}_{ij} , n + 1 ≤ i ≠ j ≤ m,

⋄^{(m−n)(m−n−1)}_2 unknowns.

⋄ Locate at the lower right corner of H̃^{(ν)}. ⋄ Are not bound to any equations at all. ⋄ Set

H̃^{(ν)}_{ij} = 0 for n + 1 ≤ i ≠ j ≤ m. • Denote W^{(ν)} := U^{(ν)T} B(c^{(ν+1)})V^{(ν)}.

Then

W^{(ν)}_{ij} = Σ_{ij} + Σ_{ii}K̃^{(ν)}_{ij} − H̃^{(ν)}_{ij} Σ_{jj},

Determine c(ν+1)

• For 1 ≤ i = j ≤ n, J^{(ν)}c^{(ν+1)} = σ^∗ − b^{(ν)} ⋄ Know quantities:

J^{(ν)}_{st} := u^{(ν)}_s^T B_tv^{(ν)}_s , for 1 ≤ s, t ≤ n, σ^∗ := (σ^∗_1, . . . , σ^∗_n)^T , b^{(ν)}_s := u^{(ν)}_s^T B_0v^{(ν)}_s , for 1 ≤ s ≤ n. u^{(ν)}_s = column vectors of U^{(ν)}, v^{(ν)}_s = column vectors of V^{(ν)}.

• The vector c^{(ν+1)} is obtained. • c^{(ν+1)} ⇒ W^{(ν)}.

Determine H(ν) and K(ν)

• For n + 1 ≤ i ≤ m and 1 ≤ j ≤ n, H̃^{(ν)}_{ij} = − H̃^{(ν)}_{ji} = − W (ν) ij σ^∗_j . • For 1 ≤ i < j ≤ n, W^{(ν)}_{ij} = Σ_{ii}K̃^{(ν)}_{ij} − H̃^{(ν)}_{ij} Σ_{jj}, W^{(ν)}_{ji} = Σ_{jj}K̃^{(ν)}_{ji} − H̃^{(ν)}_{ji} Σ_{ii} = −Σ_{jj}K̃^{(ν)}_{ij} + H̃^{(ν)}_{ij} Σ_{ii}.

Solving for H̃^{(ν)}_{ij} and K̃^{(ν)}_{ij} ⇒

H̃^{(ν)}_{ij} = − H̃^{(ν)}_{ji} = σ^{∗i} W (ν) ji + σ^∗_j W^{(ν)}_{ij} (σ^∗_i )^2 − (σ^∗_j )^2 , K̃^{(ν)}_{ij} = − K̃^{(ν)}_{ji} = σ^{∗i} W (ν) ij + σ^∗_j W^{(ν)}_{ji} (σ^∗_i )^2 − (σ^∗_j )^2 . • The intercept is now completely found.

Find the Lift-Up

• Define orthogonal matrices R := (I +

H^{(ν)} 2 )(I −

H^{(ν)} 2 )^{−1} ,

S := (I +

K^{(ν)} 2 )((I −

K^{(ν)} 2 )^{−1} .

• Define the lifted matrix on M_s(Σ): X^{(ν+1)} := R^T X^{(ν)}S.

• Observe

X^{(ν+1)} ≈ R^T (e^{H(ν)}B(c^{(ν+1)})e^{−K (ν)})S and R^T e^{H(ν)} ≈ I_m e^{−K (ν)}S ≈ I_n, if ‖H^{(ν)}‖ and ‖K^{(ν)}‖ are small.

• For computation, ⋄ Only need orthogonal matrices U^{(ν+1)} := R^T U^{(ν)} V^{(ν+1)} := S^T V^{(ν)}.

⋄ Does not need to form X^{(ν+1)} explicitly.

Quadratic Convergence

• Measure the discrepancy between (U^{(ν)}, V^{(ν)})∈R^{m×m}× R^{n×n} in the induced Frobenius norm.

• Observe:

⋄ Suppose:

▷ The ISVP has an exact solution at c^∗. ▷ SVD of B(c^∗) = ÛΣ V̂^T .

⋄ Define error matrix::

E := (E_1, E_2) := (U − Û, V − V̂ ). ⋄ If UÛ^T = e^H and V V̂^T = e^K, then UÛ^T = (E_1 + Û)Û^T

= I_m + E_1Û^T = e^H = I_m + H + O(||H||^2).

and a similar expression for V V̂^T . ⋄ Thus, ||(H, K)|| = O(||E||).

• At the ν-th stage, define

E^{(ν)} := (E^{(ν)}_1 , E^{(ν)}_2 ) = (U^{(ν)} − Û, V^{(ν)} − V̂ ). • How far is U^{(ν)T} B(c^∗)V^{(ν)} away from Σ?

⋄ Write

U^{(ν)T} B(c^∗)V^{(ν)} := e^{− Ĥ(ν)}Σe^{K̂(ν)} := (U^{(ν)T} e^{−H (ν)∗} U^{(ν)})Σ(V^{(ν)T} e^{K(ν)∗} V^{(ν)}) with H^{(ν)}_∗ := U^{(ν)}Ĥ^{(ν)}U^{(ν)T} , K^{(ν)}_∗ := V^{(ν)}K̂^{(ν)}V^{(ν)T} , ⋄ Then e^{H(ν)∗} = U^{(ν)}Û^T , e^{K(ν)∗} = V^{(ν)}V̂^T .

⋄ So ||(H^{(ν)}_∗ , K^{(ν)}_∗ )|| = O(||E^{(ν)}||).

⋄ Norm invariance under orthogonal transformations ⇒ ||(Ĥ^{(ν)}, K̂^{(ν)})|| = O(||E^{(ν)}||).

• Rewrite

U^{(ν)T}B(c^∗)V^{(ν)} =Σ + Σ K̂^{(ν)}− Ĥ^{(ν)}Σ + O(‖E^{(ν)}‖^2). • Compare:

U^{(ν)T} (B(c^∗)−B(c^{(ν+1)}))V^{(ν)} = Σ( K̂^{(ν)} − K̃^{(ν)}) − ( Ĥ^{(ν)} − H̃^{(ν)})Σ + O(||E^{(ν)}||^2).

• Diagonal elements ⇒ J^{(ν)}(c^∗ − c^{(ν+1)}) = O(||E^{(ν)}||^2).

⋄ Thus ||c^∗ − c^{(ν+1)}|| = O(||E^{(ν)}||^2).

• Off-diagonal elements ⇒ ||Ĥ^{(ν)} − H̃^{(ν)}|| = O(||E^{(ν)}||^2), ||K̂^{(ν)} − K̃^{(ν)}|| = O(||E^{(ν)}||^2).

⋄ Therefore, ||(H̃^{(ν)}, K̃^{(ν)})|| = O(||E^{(ν)}||).

• Together, ||H^{(ν)} − H^{(ν)}_∗ || = O(||E^{(ν)}||^2), ||K^{(ν)} − K^{(ν)}_∗ || = O(||E^{(ν)}||^2).

• Observe:

E^{(ν+1)}_1 := U^{(ν+1)} − Û = R^T U^{(ν)} − e^{−H (ν)∗} U^{(ν)} = � (I −

H^{(ν)} 2 )−(I −H^{(ν)}_∗ + O(||H^{(ν)}_∗ ||^2)

(I +

H^{(ν)} 2 ) � (I +

H^{(ν)} 2 )^{−1} U^{(ν)} = � H^{(ν)}_∗ − H^{(ν)} + O(||H^{(ν)}_∗ H^{(ν)}|| +||H^{(ν)}||^2) � (I +

H^{(ν)} 2 )^{−1} U^{(ν)}.

⋄ It is clear now that ||E^{(ν+1)}_1 || = O(||E^{(ν)}||^2).

• A similar argument works for E^{(ν+1)}_2 . • We have proved that ||E^{(ν+1)}|| = O(||E^{(ν)}||^2).

Multiple Singular Values

• Previous definition in finding the B-intercept of a tangent line of M_s(Σ) allows ⋄ No zero singular values. ⋄ No multiple singular values.

• Now assume

⋄ All singular values are positive.

⋄ Only the first singular value σ^∗_1 is multiple, with multiplicity p.

• Observe:

⋄ All formulas work, except

▷ For 1 ≤ i < j ≤ p, only know W^{(ν)}_{ij} + W^{(ν)}_{ji} = 0.

▷ No values for H̃^{(ν)}_{ij} and K̃^{(ν)}_{ij} can be determined. ▷ Additional q :=^{p(p−1)}_2 equations for the vector c^{(ν+1)} arise.

• Multiple singular values gives rise to an overdetermined system for c^{(ν+1)}.

⋄ Tangent lines from M_s(Σ) may not intercept the affine subspace B at all.

⋄ The ISVP needs to be modified.

Modified ISVP

• Given ⋄ Positive values σ^∗_1 = . . . = σ^∗_p > σ^∗_{p+1} > . . . > σ^∗_{n−q} , • Find ⋄ Real values of c_1, . . . , c_n, ⋄ The n−q largest singular values of the matrix matrix B(c) are σ^∗_1, . . . , σ^∗_{n−q} .

Find the Intercept

• Use the equation

Σ̂ + Σ̂ K̃^{(ν)} − H̃^{(ν)}Σ̂ = U^{(ν)T} B(c^{(ν+1})V^{(ν)} to find the B-intercept where ⋄ The diagonal matrix

Σ̂ := diag{σ^∗_1, . . . , σ^∗_{n−q} , σ̂_{n−q+1} , . . . , σ̂_n} ⋄ Additional singular values σ̂_{n−q+1} , . . . , σ̂_n are free parameters.

The Algorithm

Given U^{(ν)} ∈ O(m) and V^{(ν)} ∈ O(n), • Solve for c^{(ν+1)} from the system of equations: n� k=1 � u^{(ν)}_i^T B_kv^{(ν)}_i � c^{(ν+1}_k = σ^∗_i − u^{(ν)}_i^T B_0v^{(ν)}_i ,

for i = 1, . . . , n − q n� k=1 � u^{(ν)}_s^T B_kv^{(ν)}_t + u^{(ν)}_t^T B_kv^{(ν)}_s � c^{(ν+1)}_k =

−u^{(ν)}_s^T B_0v^{(ν)}_t − u^{(ν)}_t^T B_0v^{(ν)}_s , for 1 ≤ s < t ≤ p.

• Define σ̂^{(ν)}_k by

σ̂^{(ν)}_k := � σ^∗_k, if 1≤k ≤n − q; u^{(ν)}_k^T B(c^{(ν+1)})v^{(ν)}_k , if n − q < k ≤n

• Once c^{(ν+1)} is determined, calculate W^{(ν)}.

• Define skew symmetric matrices K̃^{(ν)} and H̃^{(ν)}:

⋄ For 1 ≤ i < j ≤ p, the equation to be satisfied is

W^{(ν)}_{ij} = σ̂^{(ν)}_i K̃^{(ν)}_{ij} − H̃^{(ν)}_{ij} σ̂^{(ν)}_j .

▷ Many ways to define K̃^{(ν)}_{ij} and H̃^{(ν)}_{ij} . ▷ Set K̃^{(ν)}_{ij} ≡ 0 for 1 ≤ i < j ≤ p.

⋄ K̃^{(ν)} is defined by

K̃^{(ν)}_{ij} := � � � σ̂(ν)i W (ν)ij +σ̂(ν)j W (ν)ji

(σ̂(ν)i )2−(σ̂ (ν)j )2

, if 1≤i<j ≤n; p<j;

0, if 1≤i<j ≤p

⋄ H̃^{(ν)} is defined by

H̃^{(ν)}_{ij} :=

� � � � � � � � � � �

−^W (ν) ij σ̂(ν)j

, if 1≤i<j ≤p;

−^W (ν) ij σ̂(ν)j

, if n + 1≤i≤m; 1≤j ≤n;

σ̂(ν)i W (ν)ji +σ̂(ν)j W (ν)ij

(σ̂(ν)i )2−(σ̂ (ν)j )2

, if 1≤i<j ≤n; p<j;

0, if n + 1≤i ≠ j ≤m.

• Once H̃^{(ν)} and K̃^{(ν)} are determined, proceed the lifting in the same way as for the ISVP.

Remarks

• No longer on a fixed manifold M_s(Σ) since Σ̂ is changed per step.

• The algorithm for multiple singular value case converges quadratically.

Zero Singular Value

• Zero singular value ⇒ rank deficiency.

• Finding a lower rank matrix in a generic affine subspace B is intuitively a more difficult problem.

• More likely the ISVP does not have a solution. • Consider the simplest case where σ^∗_1 > . . . > σ^∗_{n−1} > σ^∗_n = 0.

⋄ Except for H̃_{in} (and H̃_{ni}), i = n + 1, . . . , m, all other quantities including c^{(ν+1)} are well-defined.

⋄ It is necessary that

W^{(ν)}_{in} = 0 for i = n + 1, . . . , m.

⋄ If the necessary condition fails, then no tangent line of M_s(Σ) from the current iterate X^{(ν)} will intersect the affine subspace B.

Example of the Continuous Approach

• Integrator — Subroutine ODE (Shampine et al, ’75).

⋄ ABSERR and RELERR = 10^{−12} . ⋄ Output values examined at interval of 10.

• Two consecutive output points differ by less than 10^{−10} ⇒ Convergence.

• Stable equilibrium point is not necessarily a solution to the ISVP.

• Change to different initial value X(0) if necessary.

Example of the Iterative Approach

• Easy implementation by MATLAB.

⋄ Consider the case when m = 5 and n = 4. ⋄ Randomly generated basis matrices by the Gaussian distribution.

• Numerical experiment meant solely to examine the behavior of quadratic convergence. ⋄ Randomly generate a vector c^# ∈ R^4.

⋄ Singular values of B(c^#) used as the prescribed singular values.

⋄ Perturb each entry of c^# by a uniform distribution between −1 and 1.

⋄ Use the perturbed vector as the initial guess.

Observations

• The limit point c^∗ is not necessary the same as the original vector c^#.

• Singular values of B(c^∗) do agree with those of B(c^#). • Differences between singular values of B(c^{(ν)}) and B(c^∗) are measured in the 2-norm.

• Quadratic convergence is observed.

Example of Multiple Singular Values

• Construction of an example is not trivial.

⋄ Same basis matrices as before. ⋄ Assume p = 2.

⋄ Prescribed singular values σ^∗ = (5, 5, 2)^T . ⋄ Initial guess of c^{(0)} is searched by trials • The order of singular values could be altered.

⋄ The value 5 is no longer the largest singular value. ⋄ Unless the initial guess c^{(0)} is close enough to an exact solution c^∗, no reason to expect that the algorithm will preserve the ordering.

⋄ Once convergence occurs, then σ^∗ must be part of the singular values of the final matrix.

• At the initial stage the convergence is slow, but eventually the rate is picked up and becomes quadratic.

Inverse Singualar/Eigenvalue Problem

• Overview • A Recursive Algorithm • The Matrix Structure • Numerical Experiment

Overview

• The Schur-Horn Theorem gives the connection between diagonal entries and eigenvalues of a Hermitian matrix.

• The Mirsky Theorem gives a connection between diagonal entries and eigenvalues of a general matrix.

• The Sing-Thompson Theorem gives the connection between diagonal entries and singular values of a general matrix.

• What is the connection between singular values and eigenvalues of a matrix?

⋄ singular value = |eigenvalue|, if Hermitian matrices. ⋄ How about general matrices?

• Can we create matrices with prescribed singular values and eigenvalues?

⋄ Desirable for test matrices.

Weyl-Horn Theorem

• Given vectors λ ∈ C^n and α ∈ R^n,

⋄ Assume |λ_1| ≥ . . . ≥ |λ_n|, α_1 ≥ . . . ≥ α_n.

⋄ Then a matrix with eigenvalues λ_1, . . . , λ_n and singular values α_1, . . . , α_n exists if and only if k� j=1 |λ_j| ≤ k� j=1 α_j, k = 1, . . . , n − 1, n� j=1 |λ_j| = n� j=1 α_j.

▷ If |λ_n| > 0, then log α majorizes log |λ|.

• How to solve the inverse singular eigenvalue problem numerically?

A Recursive Algorithm

• The Building Block — 2 × 2 Case • The Original Proof by Induction • An Innocent Mistake • A Recursive Clause in Programming

The 2 × 2 Case

• The Weyl-Horn Condition: � |λ_1| ≤ α_1, |λ_1||λ_2| = α_1α_2. ⇓ � α_2 ≤ |λ_2| ≤ |λ_1| ≤ α_1 |λ_1|^2 + |λ_2|^2 ≤ α^2_1 + α^2.

• The building block — A triangular matrix A = � λ_1 μ 0 λ_2 �

has singular value {α_1, α_2} if and only if μ = � α^2_1 + α^2 − |λ_1|^2 − |λ_2|^2.

⋄ A is complex-valued when eigenvalues are complex. ⋄ A stable way of computing μ: μ = � 0, if |(α_1−α_2)^2−(|λ_1|−|λ_2|)^2| ≤ ϵ � |(α_1−α_2)^2−(|λ_1|−|λ_2|)^2|, otherwise.

Ideas in Horn’s Proof

• Reduce the original inverse problem to two problems of smaller sizes.

• Problems of smaller sizes are guaranteed to be solvable by the induction hypothesis.

• The subproblems are affixed together by working on a suitable 2 × 2 corner.

• The 2 × 2 problem has an explicit solution.

Key to the Algorithmic Success

• The eigenvalues and singular values of each of the two subproblems can be derived explicitly.

• Each of the two subproblems can further be down-sized. • The original problem is divided into subproblems of size 2 × 2 or 1 × 1.

• The smaller problems can be conquered to build up the original size.

• In an environment that allows a subprogram to invoke itself recursively, only one-step of the divide-and-conquer procedure will be enough.

• Very similar to the radix-2 FFT =⇒ fast algorithm.

Outline of Proof

• Suppose α_i > 0 for all i = 1, . . . , n. So λ_i ≠ 0 for all i. ⋄ The case of zero singular values can be handled in a similar way.

• Define �

σ_1 := α_1, σ_i := σ_{i−1}^{α i}_{|λi|}, for i = 2, . . . , n − 1.

⋄ Assume σ := min_{1≤i≤n−1} σ_i occurs at the index j. • Define

ρ :=

|λ_1λ_n| σ . • The following three sets of inequalities are true. The numbers satisfy the Weyl-Horn conditions. � |λ_1| ≥ |λ_n|, σ ≥ ρ. � σ ≥ |λ_2| ≥ . . . ≥ |λ_j|, α_1 ≥ α_2 ≥ . . . ≥ α_j. � |λ_{j+1}| ≥ . . . ≥ |λ_{n−1} | ≥ ρ, α_{j+1} ≥ . . . ≥ α_{n−1} ≥ α_n.

• By induction hypothesis,

⋄ There exist unitary matrices U_1, V_1 ∈ C^{j×j} and triangular matrices A_1 such that

U_1 � � � α_1 0 . . . 0 0 α_2 0 . ...

0 0 . . . α_j

� � � V^{∗1} = A^1 =

� � � � � σ × × . . . × 0 λ_2 ×

. ...

0 0 λ_j

� � � � � .

⋄ There exist unitary matrices U_2, V_2 ∈ C^{(n−j)×(n−j)} , and triangular matrix A_2 such that

U_2 � � � � α_{j+1} 0 . . .0 0 α_{j+2} 0 . ... 0 0 . . .α_n

� � � � V^{∗2} =A^2 =

� � � � λ_{j+1} × . . . × × 0 λ_{j+2} × . ... .

λ_{n−1}× 0 0 . . . 0 ρ

� � � � .

• Horn’s claim: The block matrix � A_1 ◯ ◯ A_2 �

can be permuted to the triangular matrix � � � � � � � � � � λ_2 × . . . × × 0 × . ... . ◯

λ_j × 0 . . . 0 σ 0 0 0 . . . 0 0 ρ × × . . . × λ_{j+1} × ◯ . ...

. . . 0 0 λ_{n−1}

� � � � � � � � � �

• The 2 × 2 corner can now be glued together by

U_0 � σ 0 0 ρ � V^∗_0 = A_0 = � λ_1 μ 0 λ_n � . • How to do the permutation, or is it a mistake?

⋄ It takes more than permutation to rearrange the diagonals of a triangular matrix.

A MATLAB Program

function [A]=svd_eig(alpha,lambda);
n = length(alpha);
if n == 1 % The 1 by 1 case
   A = [lambda(1)];
elseif n == 2 % The 2 by 2 case
   [U,V,A] = two_by_two(alpha,lambda);
else % Check zero singular values
   tol = n*alpha(1)*eps;
   k = sum(alpha > tol); m = sum(abs(lambda) > tol);
   if k == n % Nonzero singular values
     j = 1; s = alpha(1); temp = s;
     for i = 2:n-1
        temp = temp*alpha(i)/abs(lambda(i));
        if temp < s, j = i; s = temp; end
     end
     rho = abs(lambda(1)*lambda(n))/s;
     [U0,V0,A0] = two_by_two([s;rho],[lambda(1);lambda(n)]);
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
     [A1] = svd_eig(alpha(1:j),[s;lambda(2:j)]); % RECURSIVE %
     [A2] = svd_eig(alpha(j+1:n),[lambda(j+1:n-1);rho]); % CALLING %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
     A = [A1,zeros(j,n-j);zeros(n-j,j),A2];
     Temp = A;
        A(1,:)=U0(1,1)*Temp(1,:)+U0(1,2)*Temp(n,:);
        A(n,:)=U0(2,1)*Temp(1,:)+U0(2,2)*Temp(n,:);
     Temp = A;
        A(:,1)=V0(1,1)*Temp(:,1)+V0(1,2)*Temp(:,n);
        A(:,n)=V0(2,1)*Temp(:,1)+V0(2,2)*Temp(:,n);
   else % Zero singular values
     beta = prod(abs(lambda(1:m)))/prod(alpha(1:m-1));
     [U3,V3,A3] = svd_eig([alpha(1:m-1);beta],lambda(1:m));
     A = zeros(n); A(1:m,1:m) = V3’*A3*V3;
     for i = m+1:k, A(i,i+1) = alpha(i); end
     A(m,m+1) = sqrt(abs(alpha(m)^2-beta^2));
   end
end

Matrix Structure

• A Modified Proof • A Symbolic Example

Correct the “Mistake”

• Horn’s requirement:

⋄ Both intermediate matrices A_1 and A_2 are upper triangular matrices.

⋄ Diagonal entries are arranged in a certain order.

▷ Valid from the Schur decomposition theorem. ▷ More than permutation, not easy for computation.

▷ To rearrange diagonal entries via unitary similarity transformations while maintaining the upper triangular structure is expensive.

• Our contribution:

⋄ The triangular structure is entirely unnecessary. ⋄ The matrix A produced from our algorithm is generally not triangular.

⋄ Do not need to rearrange the diagonal entries ⋄ Modify the first and the last rows and columns of the block diagonal matrix � A_1 ◯ ◯ A_2 � , as if nothing happened, is enough.

• Algorithm:

⋄ Denote U_0 = [u_{0,st}] and V_0 = [v_{0,st}]. ⋄ Then � � u_{0,11} 0 u_{0,12} 0 I_{n−1} 0 u_{0,21} 0 u_{0,22}

� � � U_1 0 0 U_2 � � � � � α_1 0 . . . 0 0 α_2 0 . ...

0 α_n

� � � � � V^∗_1 0 0 V^∗_2 � � v_{0,11} 0 v_{0,12} 0 I_{n−1} 0 v_{0,21} 0 v_{0,22}

� � ∗

is the desired matrix.

• A has the structure

A =

� � � � � � � � � λ_1 ⊗ . . . ⊗ ⊗ ∗ ∗ μ ⊗ λ_2 × 0 0 ∗ . ... . ◯

λ_{j−1} × ⊗ × . . . × λ_j ∗ ∗ 0 . . . 0 0 λ_{j+1} × × . . . ⊗ ∗ 0 × λ_{j+2} ⊗ ◯ . ...

0 ∗ . . . ∗ ∗ ⊗ ⊗ λ_n

� � � � � � � � �

.

⋄ × = unchanged, original entries from A_1 or A_2. ⋄ ⊗ = entries of A_1 or A_2 that are modified by scalar multiplications.

⋄ ∗ = possible new entries that were originally zero.

A Variation of Horn’s Proof

• Does the algorithm really works?

⋄ Clearly, A has singular values {α_1, . . . , α_n}. ⋄ Need to show that A has eigenvalues {λ_1, . . . , λ_n}.

• What has been changed?

(P1) Diagonal entries of A_1 and A_2 are in fixed orders, σ, λ_2, . . . , λ_j and λ_{j+1}, . . . , λ_{n−1} , ρ, respectively.

(P2) Each A_i is similar through permutations, which need not to be known, to a lower triangular matrix whose diagonal entries constitute the same set as the diagonal entries of A_i. (Thus, each A_i has precisely its own diagonal entries as its eigenvalues.)

(P3) The first row and the last row have the same zero pattern except that the lower-left corner is always zero.

(P4) The first column and the last column have the same zero pattern except that the lower-left corner is always zero.

• Use graph theory to show that the affixed matrix A has exactly the same properties.

A Symbolic Example

• Dividing process: � λ_1 λ_2 λ_3 λ_4 λ_5 λ_6 α_1 α_2 α_3 α_4 α_5 α_6

j_1 = 5 ⇓ � λ_1 λ_6 σ_1 ρ_1 � σ_1 λ_2 λ_3 λ_4 λ_5 α_1 α_2 α_3 α_4 α_5 � ρ_1 α_6

j_2 = 2 ⇓ � σ_1 λ_5 σ_2 ρ_2 � σ_2 λ_2 α_1 α_2 � λ_3 λ_4 ρ_2 α_3 α_4 α_5

j_3 = 1 ⇓ � λ_3 ρ_2 σ_3 ρ_3 � σ_3 α_3 � λ_4 ρ_3 α_4 α_5

• Conquering process: � � � � � � λ_1 ⊗ 0 0 ⊗ ∗ 0 λ_2 0 0 0 0 ⊗ 0 λ_3 0 × ∗ ⊗ 0 × λ_4 × ∗ 0 × 0 0 λ_5 0 0 ∗ 0 0 ∗ λ_6

� � � � � �

j_1 = 5 ⇑

� � � � � � σ_1 × 0 0 × 0 0 λ_2 0 0 0 0 × 0 λ_3 0 × 0 × 0 × λ_4 × 0 0 × 0 0 λ_5 0 0 0 0 0 0 ρ_1

� � � � � � � � � � � σ_1 ⊗ 0 0 ∗ 0 λ_2 0 0 0 ∗ 0 λ_3 0 ⊗ ∗ 0 × λ_4 ⊗ 0 ∗ 0 0 λ_5

� � � � � � ρ_1 �

j_2 = 2 ⇑

� � � � � σ_2 × 0 0 0 0 λ_2 0 0 0 0 0 λ_3 0 × 0 0 × λ_4 × 0 0 0 0 ρ_2

� � � � � � σ_2 ∗ 0 λ_2 � � � λ_3 0 ∗ ∗ λ_4 ⊗ 0 0 ρ_2

� �

j_3 = 1 ⇑ � � σ_3 0 0 0 λ_4 × 0 0 ρ_3

� � � σ_3 � � λ_4 ∗ 0 ρ_3 �

Numerical Experiment

• The divide-and-conquer feature brings on fast computation.

• The overall cost is estimated at the order of O(n^2). • A numerical simulation:

Rosser Test

• Rosser matrix R:

R =

� � � � � � � �

611 196 −192 407 −8 −52 −49 29 196 899 113 −192 −71 −43 −8 −44 −192 113 899 196 61 49 8 52 407 −192 196 611 8 44 59 −23 −8 −71 61 8 411 −599 208 208 −52 −43 49 44 −599 411 208 208 −49 −8 8 59 208 208 99 −911 29 −44 52 −23 208 208 −911 99

� � � � � � � � .

⋄ Has one double eigenvalue, three nearly equal eigenvalues, one zero eigenvalue, two dominant eigenvalues of opposite sign and one small nonzero eigenvalue.

⋄ The computed eigenvalues and singular values of R are

λ=

� � � � � � �

−1.020049018429997e+03 1.020049018429997e+03 1.020000000000000e+03 1.019901951359278e+03 1.000000000000001e+03 9.999999999999998e+02 9.804864072152601e−02 4.851119506099622e−13

� � � � � � � , α=

� � � � � � �

1.020049018429997e+03 1.020049018429996e+03 1.020000000000000e+03 1.019901951359279e+03 1.000000000000000e+03 9.999999999999998e+02 9.804864072162672e−02 1.054603342667098e−14

� � � � � � � .

• Using the above λ and α, ⋄ A nonsymmetric matrix is produced: � � � � � � �

1.0200e+03 0 0 0 0 0 0 0 0 −1.0200e+03 0 0 0 0 0 0 0 0 1.0200e+03 0 0 0 0 0 0 0 0 1.0199e+03 0 0 1.4668e−09 0 0 0 0 0 1.0000e+03 0 0 0 0 0 0 0 0 1.0000e+03 0 0 0 0 0 −1.5257e−05 0 0 9.8049e−02 0 0 0 0 0 0 0 1.4045e−07 0

� � � � � � � .

⋄ The re-computed eigenvalues and singular values of A are

λ̂=

� � � � � � �

−1.020049018429997e+03 1.020049018429997e+03 1.020000000000000e+03 1.019901951359278e+03 1.000000000000001e+03 9.999999999999998e+02 9.80486407215721e−02 0

� � � � � � � , α̂=

� � � � � � �

1.020049018429997e+03 1.020049018429997e+03 1.020000000000000e+03 1.019901951359279e+03 1.000000000000001e+03 9.999999999999998e+02 9.804864072162672e−02 0

� � � � � � � .

⋄ The re-computed eigenvalues and singular values agree with those of R up to the machine accuracy.

Wilkinson Test

• Wilkinson’s matrices:

⋄ All are symmetric and tridiagonal.

⋄ Have nearly, but not exactly, equal eigenvalue pairs. • Using these data:

⋄ Discrepancy in eigenvalues and singular values between our constructed matrices and Wilkinson’s matrices.

⋄ Matrices constructed are nearly but not symmetric.

Conclusion

• Weyl-Horn Theorem completely characterizes the relationship between eigenvalues and singular values of a general matrix.

• The original proof has been modified.

• With the aid of programming languages that allow a subprogram to invoke itself recursively, an induction proof can be implemented as a recursive algorithm.

• The resulting algorithm is fast. The cost of construction is approximately O(n^2).

• The matrix being constructed usually is not symmetric and is complex-valued, if complex eigenvalues are present.

• Numerical experiment on some very challenging problems suggests that our method is quite robust.

Figure 11: History of the smallest singular value for Example 3.

Figure 12: log-log plot of computational flops versus problem sizes

Figure 13: L_2 norm of discrepancy in eigenvalues and singular values.

Figure 14: 3-D mesh representation of 21 × 21 matrices

Chapter 5 Least Squares Inverse Eigenvalue Problems

• Overview • Least Squares IEP • Theorem • Geometric Sketch • Algorithm

Overview

• The information of spectral constraint and the structrual constraint may not be obtained precisely in practice.

• It may occur in practice that one of the two constraints should be enforced more critically than the other.

⋄ Without the physical realizability, the physical system simply cannot be built. So structrual constraint is emphasized.

• It may occur that one constraint could be more relaxed than the other.

⋄ For complex system there is no accurate way to measure the spectrum or to obtain the entire information. Physical uncertainty can be tolerated up to a certain degree.

• When the two constraints cannot be settled simultaneously, the IEP could be formulated in a least squares setting.

Formulation

• All IEP’s discussed so far have a natural generalization to least squares formulation.

• Depends upon which constraint is to be enforced, there are two ways to formulate the least squares IEP.

Least Squares Approximating the Spectrum

• Given:

⋄ Symmetric matrices A(d) ∈ R^{n×n} , ⋄ Real numbers λ^∗_1, · · · , λ^∗_m, ⋄ m ≤ n, • Solve:

min_{d∈Rl,σ} F (d, σ) = m� i=1 (λ_{σi}(d) − λ^∗_i )^2,

= ‖Λ_σ (d) − Λ^∗_m‖^2_F . ⋄ σ := a permutation; ⋄ Λ^∗_m := diag(λ^∗_1, ..., λ^∗_m).

Least Squares Approximating the Structure

• Let

⋄ Λ^∗_m := diag(λ^∗_1, ..., λ^∗_m).

⋄ D_{n−m} := {diag matrices} ⊆ R^{(n−m)×(n−m)} . ⋄ O(n) := {orthogonal matrices} ⊆ R^{n×n} • Define:

Γ := � Q � Λ^∗_m 0 0 Λ_{n−m} � Q^T | Q ∈ O(n), Λ_{n−m} ∈ D_{n−m} � . • Given:

⋄ Symmetric matrices A(d) ∈ R^{n×n} , ⋄ Real numbers λ^∗_1, · · · , λ^∗_m, ⋄ m ≤ n, • Solve:

dist(A(d), Γ) = min_{d∈Rl,B∈Γ} ‖A(d) − B‖^2_F .

Main Theorem

• At a global minimizer, LSIEP1 and LSIEP2 are equivalent.

⋄ Both problems have the same objective values.

min_{d,σ} ‖Λ_σ (d) − Λ^∗_m‖^2_F = min_{d,B} ‖A(d) − B‖^2_F .

⋄ If d_1, σ solve LSIEP1 and d_2, B solve LSIEP2, then ▷ d_1 = d_2, ▷ B = Q(d_1) � Λ^∗_m 0 0 Λ_σ (d_1) � Q(d_1)^T .

· Q(d_1)^T A(d_1)Q(d_1) = � Λ_σ (d_1) 0 0 Λ_σ (d_1) � . · diag[Λ_σ (d_1), Λ_σ (d_1)] has same ordering as diag[Λ^∗_m, Λ_σ (d_1)]. · σ := {1, ..., n} − σ.

⋄ If so

min_{d,B} ‖A(d) − B‖^2_F = m� i=0 |λ_{σi} − λ^∗_i |^2.

One Particular Case 255

One Particular Case

• Consider the special case where

A(d) := A_0 + l� i=1 d_iA_i ∈ A(d) (affine subspace)

• Lift & Project:

1. Find

Z^{(k)} := arg min_{B∈Γ} ‖A(d^{(k)}) − B‖_F (Lift) by the Wielandt-Hoffman Theorem!

2. Find

d^{(k+1)} := arg min_{d∈Rl} ‖Z^{(k)} − A(d)‖_F (Project) by solving a linear system.

• The topology of Γ is not clear. But Step 1 can be accomplished by considering a “substructure”.

M_k := � Q � Λ^∗_m 0 0 Λ_σ (d^{(k)}) � Q^T | Q ∈ O(n) �

which is known.

Geometric Sketch

Figure 1: Geometry of life and projection.

• This a descent method!

‖Z^{(k+1)} − A(d^{(k+1)})‖_F ≤ ‖Z^{(k)} − A(d^{(k+1)})‖_F ≤ ‖Z^{(k)} − A(d^{(k)})‖_F

Algorithm 257

Algorithm

• Given d^{(0)}.

• For k = 0,1,2,...

1. Compute Q(d^{(k)}) and Λ(d^{(k)}). 2. Find σ = {σ_1, ..., σ_m}. Form Λ_σ 3. (lift) Form

Z^{(k)} = Q(d^{(k)})diag(Λ^∗, Λ_σ (d^{(k)}))Q(d^{(k)})^T . 4. (Project) Compute d^{(k+1)} from l� i=1 < A_i, A_j > d^{(k+1)}_i =< Z^{(k)} − A_0, A_j > .

5. stop if ‖d^{(k+1)} − d^{(k)}‖ < ε

258 Least Squares Inverse Eigenvalue Problems

Chapter 6 Partially Described Inverse Eigenvalue Problems

• Overview • Generic Form • PDIEP for Toeplitz Matrices

Overview

• The physical system is too complicated or the size is too large,

⋄ No reasonable analytical tools are available to evaluate the entire spectral information.

⋄ Through vibration tests where the excitation and the response of the structure at selected points are measured experimentally, there are identification techniques to extract a portion of eigenpair information from the measurements.

• It is unwise to use experimental values of high natural frequencies to reconstruct a model because a discrete model with n degrees of freedom can provide accurate values for only about^n_3 natural frequencies.

• Eigenpair information sometimes provides additional intrinsic relationships. A few eigenpairs can determine much of the desirable reconstruction.

Generic Form 261

Generic Form

• Given

⋄ Vectors {v^{(1)}, . . . , v^{(k)}} ⊂ F^n, ⋄ Values {λ_1, . . . λ_k} ⊂ F, ⋄ A set N of structured matrices, Find X ∈ N such that

Xv^{(i)} = λ_iv^{(i)}, , i = 1, . . . , k. • Given

⋄ Two sets of real vectors {x_1, . . . , x_p} and {y_1, . . . y_p}, p ≤ n, ⋄ An arbitrary set of complex numbers L = {λ_1, . . . , λ_n}, Find a real matrix A such that Ax_i = y_i, σ(A) = L • Open Question: How many pairs of information are needed to determine such a structured matrix?

PDIEP for Toeplitz Matrices

• Eigenvectors of a Toeplitz matrix have a special structure [8, 55, 113]:

⋄ Eigenvectors of any symmetric and centro-symmetric matrix must be either symmetric or skew-symmetric.

• The dimension of Toeplitz matrices with a single prescribed eigenvector in R^n should be at least [^{n+1}_2 ] [85].

• The dimension of Toeplitz matrices with two prescribed eigenvectors is independent of n [75].

• Define

S(v) := {c ∈ R^n|T (c)v = λv for some λ ∈ R}, π(u, v) := dim(S(u) � S(v))

PDIEP for Toeplitz Matrices 263

• Let η denote the dimension of the affine subspace of symmetric Toeplitz matrices with two prescribed eigenpairs. Then for almost all eigenvectors u and v, and for any eigenvalues λ_1 and λ_2, the pair π(u, v)/η is summarized in the following table.

n = odd (even) symmetric skew-symmetric symmetric 2/0 (3/1) 2/0 (2/0) skew-symmetric 2/0 (2/0) 4/0 (3/1)

⋄ The symmetric Toeplitz matrix is uniquely determined, if ▷ n is odd and if at least one of the given eigenvectors is symmetric, or ▷ n is even and one eigenvector is symmetric and the other is skew-symmetric.

264 Partially Described Inverse Eigenvalue Problems

Chapter 7 Spectrally Constrained Approximation

• Overview • Reformulation • Least Squares Approximation • Toeplitz Inverse Eigenvalue Problem • Eigenvalue Computation • Simultaneous Reduction • Nearest Normal Matrix Approximation

Overview

• Least squares approximations for various types of real and symmetric matrices subject to spectral constraints share a common structure.

• The projected gradient can be formulated explicitly. • A descent flow can be followed numerically. • The procedure can be extended to approximating general matrices subject to singular value constraints.

• Notation:

S(n) := {All real symmetric matrices} O(n) := {All real orthogonal matrices} ||X|| := Frobenius matrix norm of X Λ := A given matrix in S(n) M(Λ) := {Q^T ΛQ|Q ∈ O(n)}

V := A single matrix or a subspace in S(n) P (X) := The projection of X into V Σ := A given general matrix in R^{m×n} W (Σ) := {Q_1ΣQ_2|Q_1 ∈ O(m), Q_2 ∈ O(n)} U := A single matrix or a subspace in R^{m×n}

Spectrally Constrained Problem

Minimize F (X) := 1 2 ||X − P (X)||^2 Subject to X ∈ M(Λ) • Special cases:

⋄ Problem A: Given a symmetric matrix, find its least squares approximation with prescribed spectrum.

⋄ Problem B: Construct a symmetric Toeplitz matrix that has a prescribed set of eigenvalues.

⋄ Problem C: Find the spectrum of a given a symmetric matrix.

Singular-Value Constrained Problem

Minimize F (X) := 1 2 ||X − P (X)||^2 Subject to X ∈ W (Σ) • Special cases:

⋄ Problem D: Given a general real m × n matrix, find its least square approximation that has a prescribed set of singular values.

⋄ Problem E: Construct a general real m × n matrix, find its singular values.

Reformulation

• Idea:

1. X ∈ M(Λ) satisfies the spectral constraint. 2. P (X) ∈ V has the desirable structure in V . 3. Minimize the undesirable part ‖X − P (X)‖.

• Working with the parameter Q is easier:

Minimize F (Q) := 1 2 � Q^T ΛQ − P (Q^T ΛQ), Q^T ΛQ − P (Q^T ΛQ) � Subject to Q^T Q = I ⋄ ⟨A, B⟩ = trace(AB^T ) is the Frobenius inner product.

Feasible Set O(n) & Gradient of F

• The set O(n) is a regular surface.

• The tangent space of O(n) at any orthogonal matrix Q is given by T_QO(n) = QK(n) where

K(n) = {All skew-symmetric matrices}.

• The normal space of O(n) at any orthogonal matrix Q is given by N_QO(n) = QS(n).

• The Fréchet Derivative of F at a general matrix A acting on B:

F^′(A)B = 2⟨ΛA(A^T ΛA − P (A^T ΛA)), B⟩. • The gradient of F at a general matrix A:

∇F (A) = 2ΛA(A^T ΛA − P (A^T ΛA)).

The Projected Gradient

• A splitting of R^{n×n} : R^{n×n} = T_QO(n) + N_QO(n) = QK(n) + QS(n).

• A unique orthogonal splitting of X ∈ R^{n×n} :

X = Q � 1 2 (Q^T X − X^T Q)} + Q{ 1 2 (Q^T X + X^T Q) � . • The projection of ∇F (Q) into the tangent space:

g(Q) = Q � 1 2 (Q^T ∇F (Q) − ∇F (Q)^T Q) �

= Q[P (Q^T ΛQ), Q^T ΛQ].

An Isospectral Descent Flow

• A descent flow on the manifold O(n): dQ dt = Q[Q^T ΛQ, P (Q^T ΛQ)].

• A descent flow on the manifold M(Λ): dX dt = dQ^T dt ΛQ + Q^T Λ dQ dt = [X, [X, P (X)] � � �

k(X) ]. • The entire concept can be obtained by utilizing the Riemannian geometry on the Lie group O(n).

The Second Order Derivative

• Extend the projected gradient g to the function G(Z) := Z[P (Z^T ΛZ), Z^T ΛZ] for general matrix Z.

• The Fréchet derivative of G:

G^′(Z)H = H[P (Z^T ΛZ), Z^T ΛZ] +Z[P (Z^T ΛZ), Z^T ΛH + H^T ΛZ] +Z[P^′(Z^T ΛZ)(Z^T ΛH + H^T ΛZ), Z^T ΛZ].

• The projected Hessian at a critical point X = Q^T ΛQ for the tangent vector QK with K ∈ K(n):

⟨G^′(Q)QK, QK⟩ = ⟨[P (X), K] − P^′(X)[X, K], [X, K]⟩.

Least Squares Approximation

• Let the given matrix be Â and Λ := diag{λ_1, . . . , λ_n}.

The projection is P (X) = Â. • The projected gradient is given by: g(Q) = Q[Â, Q^T ΛQ].

• The descent flow is given by the IVP: dX dt = [[Â, X], X] X(0) = Λ.

Least Squares Approximation 275

Sorting Property

• Assume the given eigenvalues are λ_1 > . . . > λ_n. • Assume the eigenvalues of Â are μ_1 > . . . > μ_n. • Assume Q is a critical point on O(n) and define X := Q^T ΛQ E := QÂQ^T .

• The first order condition [Â, X] = 0 implies E must be a diagonal matrix. Hence, the diagonals of E must be a permutation of μ_1, . . . , μ_n.

• The second order derivative is reduced to

⟨G^′(Q)QK, QK⟩ = ⟨[Â, K], [X, K]⟩ = ⟨EK̂ − K̂E, Λ K̂ − K̂Λ⟩ = 2 � i<j (λ_i − λ_j)(e_i − e_j)k̂^2_{ij}.

Wielandt-Hoffman Theorem

• We have shown that if a matrix Q is optimal, then the columns q_1, . . . , q_n of Q^T must be the normalized eigenvectors of Â corresponding respectively to μ_1, . . . , μ_n. The solution to Problem A is unique and is given by

X = λ_1q_1q_1^T + . . . + λ_nq_nq_n^T .

• Let A and A + E be symmetric matrices with eigenvalues μ_1 > . . . μ_n and λ_1 > . . . > λ_n, respectively. Then n� i=1 (λ_i − μ_i)^2 ≤ ||E||^2.

Toeplitz Inverse Eigenvalue Problem

• Let T be the subspace of all symmetric Toeplitz matrices and Λ := diag{λ_1, . . . , λ_n}.

• The subspace T has a natural orthogonal basis, say E_1, . . . , E_n. So the projection of any matrix X is given by P (X) = n� i=1 ⟨X, E_i⟩E_i.

• The projected gradient is given by: g(Q) = Q[P (Q^T ΛQ), Q^T ΛQ].

• The descent flow is given by the IVP: dX dt = [[P (X), X], X] X(0) = any thing on M(Λ) but diagonal matrices.

• Open Question: With an arbitrary structured affined subspace V (See the IEP with Prescribed Entries), characterize the critical points of the descent flow.

Toeplitz Annihilator

• To stay on the surface M(Λ), a differential equation must take the form dX dt = [X, k(X)]

where k : S(n) −→ S(n)^⊥.

• Require k to be a linear Toeplitz annihilator:

⋄ k(X) = 0 if and only if X ∈ T . • What is the idea?

⋄ Suppose all elements in Λ are distinct.

⋄ [X, k(X)] = 0 if and only if k(X) is a polynomial of X.

⋄ k(X) ∈ S(n) ∩ S(n)^⊥ = {0}. ⋄ ||X(t)|| = ||Λ|| for all t ∈ R.

⋄ A bounded flow on a compact set must have a nonempty ω-limit set.

• Can such a k be defined?

⋄ The simpliest choice:

k_{ij} := � � � x_{i+1,j} − x_{i,j−1} , if 1 ≤ i < j ≤ n 0, if 1 ≤ i = j ≤ n x_{i,j−1} − x_{i+1,j}, if 1 ≤ j < i ≤ n

• Open Question: Starting with the unique centro-symmetric Jacobi matrix as the initial value, must the annihilator flow converge? [119]

Eigenvalue Computation

• Let V be the subspace of all diagonal matrices and Λ = X_0 be the matrix whose eigenvalues are to be found.

• The objective of Problem C is the same as that of the Jacobi method, i.e., to minimize the off-diagonal elements.

• The descent flow is given by the IVP: dX dt = [[diag(X), X], X] X(0) = X_0.

• The necessary condition for X to be critical is [diag(X), X] = 0.

Simultaneous Reduction 281

Simultaneous Reduction

• Simultaneous reduction of real matrices by either orthogonal similarity or orthogonal equivalence transformation is hard [64].

⋄ Little is known in both theory and practice on how reduction for more than two matrices.

⋄ The project gradient method based on the Jacobi idea can be formulated.

• Simultaneous reduction flow:

dX_i dt = � �X_i, p� j=1 [X_j, P^T_j (X_j)]−[X_j, P^T_j (X_j)]^T 2 � � X_i(0) = A_i

• Nearest normal matrix problem [64] dW dt = � W, 1 2 [W, diag(W^∗)] − [W, diag(W^∗)]^∗ �

W (0) = A.

282 Spectrally Constrainted Approximation

Chapter 8 Structured Low Rank Approximation

• Overview • Low Rank Toeplitz Approximation • Low Rank Circulant Approximation • Low Rank Covariance Approximation • Eculidean Distance Matrix Approximation • Approximate GCD

Overview

• Given

⋄ A target matrix A ∈ R^{n×n} , ⋄ An integer k, 1 ≤ k < rank(A), ⋄ A class of matrices Ω with linear structure, ⋄ a fixed matrix norm ‖ · ‖; Find ⋄ A matrix B̂ ∈ Ω of rank k, and ⋄ ‖A − B̂‖ = min

B∈Ω,rank(B)=k

‖A − B‖. (1)

• Example of linear structure:

⋄ Toeplitz or block Toeplitz matrices. ⋄ Hankel or banded matrices.

• Applications:

⋄ Signal and image processing with Toeplitz structure. ⋄ Model reduction problem in speech encoding and filter design with Hankel structure.

⋄ Regularization of ill-posed inverse problems.

Difficulties

• No easy way to characterize, either algebraically or analytically, a given class of structured lower rank matrices.

• Lack of explicit description of the feasible set =⇒ Difficult to apply classical optimization techniques.

• Little discussion on whether lower rank matrices with specified structure actually exist.

An Example of Existence

• Physics sometimes sheds additional light. • The Toeplitz matrix

H := � � � h_n h_{n+1} . . . h_{2n−1} . . h_2 h_3 . . . h_{n+1} h_1 h_2 . . . h_n

� � � with

h_j := k� i=1 β_iz^j_i , j = 1, 2, . . . , 2n − 1,

where {β_i} and {z_i} are two sequences of arbitrary nonzero numbers satisfying z_i ≠ z_j whenever i ≠ j and k ≤ n, is a Toeplitz matrix of rank k.

• The general Toeplitz structure preserving rank reduction problem as described in (1) remains open. ⋄ Existence of lower rank matrices of specified structure does not guarantee closest such matrices.

⋄ No x > 0 for which 1/x is minimum.

• For other types of structures, the existence question usually is a hard algebraic problem.

Another Hidden Catch

• The set of all n × n matrices with rank ≤ k is a closed set.

• The approximation problem min B∈Ω,rank(B)≤k

‖A − B‖

is always solvable, so long as the feasible set is nonempty.

⋄ The rank condition is to be less than or equal to k, but not necessarily exactly equal to k.

• It is possible that a given target matrix A does not have a nearest rank k structured matrix approximation, but does have a nearest rank k − 1 or lower structured matrix approximation.

Low Rank Toeplitz Approximation

• Algebraic Structure of Low Rank Toeplitz Matrices. • Constructing Low Rank Toeplitz Matrices.

⋄ Lift and Project Method ⋄ Parameterization by SVD • Implicit Optimization

⋄ Engineerers’ Misconception ⋄ Simplex Search Method • Explicit Optimization

⋄ constr in MATLAB ⋄ LANCELOT on NEOS

A General Remark

• Introduce two procedures to tackle the structure preserving rank reduction problem numerically.

• The procedures can be applied to problems of any norm, any linear structure, and any matrix norm.

• Use the symmetric Toeplitz structure with Frobenius matrix norm to illustrate the ideas.

Algebraic Structure

• Identify a symmetric Toeplitz matrix by its first row,

T = T ([t_1, . . . , t_n]) =

� � � � � t_1 t_2 . . . t_n t_2 t_1 ... t_{n−1} . ... ...

t_{n−1} t_2 t_n t_{n−1} . . . t_2 t_1

� � � � � .

⋄ T = The affine subspace of all n × n symmetric Toeplitz matrices.

• Spectral decomposition of symmetric rank k matrices: M = k� i=1 α_iy^{(i)}y^{(i)T} . (2)

• Write T = T ([t_1, . . . , t_n]) in terms of (2) =⇒ k� i=1 α_iy^{(i)}_j y^{(i)}_{j+s} = t_{s+1}, s = 0, 1, . . . , n − 2, 1 ≤ j ≤ n − s (3) ⋄ Lower rank matrices form an algebraic variety, i.e, solutions of polynomial systems.

292 Structured Low Rank Approximation

Some Examples

• The case k = 1 is trivial.

⋄ Rank-one Toeplitz matrices form two simple oneparameter families,

T = α_1T ([1, . . . , 1]), or T = α_1T ([1, −1, 1, . . . , (−1)^{n−1} ])

with arbitrary α_1 ≠ 0.

• For 4 × 4 symmetric Toeplitz matrices of rank 2, there are 10 unknowns in 6 equations. � � � � � � � � � � � α_1 :=^{α 2} � y^{(2)}_1^2−y^{(2)}_2^2 � −y^{(1)}_1^2+y^{(1)}_2^2 , y^{(1)}_3 :=^{y(1)2 y(2)1 y(1)1 +2 y(2)2 y(1)2} 2 −y^{(2)}_2 y^{(1)}_1^2 y^{(1)}_2 y^{(2)}_1 +y^{(1)}_1 y^{(2)}_2 ,

y^{(1)}_4 := −^{y(1)2} 3 y^{(2)}_1^2−4 y^{(1)}_2^3y^{(2)}_2^2−4 y^{(1)}_1 y^{(2)}_1 y^{(2)}_2 y^{(1)}_2^2−2 y^{(1)}_2 y^{(1)}_1^2y^{(2)}_1^2+3 y^{(1)}_2 y^{(2)}_2^2y^{(1)}_1^2+2 y^{(2)}_1 y^{(2)}_2 y^{(1)}_1^3

y^{(1)}_2^2y^{(2)}_1^2+2 y^{(1)}_2 y^{(2)}_1 y^{(1)}_1 y^{(2)}_2 +y^{(1)}_1^2y^{(2)}_2^2 , y^{(2)}_3 := −^{y(1)2 y(2)1} 2 −2 y^{(1)}_2 y^{(2)}_2^2−y^{(2)}_1 y^{(2)}_2 y^{(1)}_1 y^{(1)}_2 y^{(2)}_1 +y^{(1)}_1 y^{(2)}_2 ,

y^{(2)}_4 := −^{3 y(1)2} 2 y^{(2)}_1^2y^{(2)}_2 −4 y^{(1)}_2^2y^{(2)}_2^3+2 y^{(1)}_2 y^{(1)}_1 y^{(2)}_1^3−4 y^{(1)}_2 y^{(1)}_1 y^{(2)}_2^2y^{(2)}_1 −2 y^{(2)}_2 y^{(1)}_1^2y^{(2)}_1^2+y^{(1)}_1^2y^{(2)}_2^3

y^{(1)}_2^2y^{(2)}_1^2+2 y^{(1)}_2 y^{(2)}_1 y^{(1)}_1 y^{(2)}_2 +y^{(1)}_1^2y^{(2)}_2^2 . ⋄ Explicit description of algebraic equations for higher dimensional lower rank symmetric Toeplitz matrices becomes unbearably complicated.

Let’s See It!

• Rank deficient T ([t_1, t_2, t_3])

⋄ det(T ) = (t_1 − t_3)(t^2_1 + t_1t_3 − 2t^2) = 0. ⋄ A union of two algebraic varieties.

Figure 1: Lower rank, symmetric, Toeplitz matrices of dimension 3 identified in R^3.

• The number of local solutions to the structured lower rank approximation problem is not unique.

Constructing Lower Rank Toeplitz Matrices

• Idea:

⋄ Rank k matrices in R^{n×n} form a surface R(k). ⋄ Rank k Toeplitz matrices = R(k) � T . • Two approaches:

⋄ Parameterization by SVD:

▷ Identify M ∈ R(k) by the triplet (U, Σ, V ) of its singular value decomposition M = UΣV^T . · U and V are orthogonal matrices, and · Σ = diag{s_1, . . . , s_k, 0, . . . , 0} with s_1 ≥ . . . ≥ s_k > 0.

▷ Enforce the structure.

⋄ Alternate projections between R(k) and T to find intersections. (Cheney & Goldstein’59, Catzow’88)

Lift and Project Algorithm

• Given A^{(0)} = A, repeat projections until convergence:

⋄ LIFT. Compute B^{(ν)} ∈ R(k) nearest to A^{(ν)}:

▷ From A^{(ν)} ∈ T , first compute its SVD A^{(ν)} = U^{(ν)}Σ^{(ν)}V^{(ν)T} .

▷ Replace Σ^{(ν)} by diag{s^{(ν)}_1 , . . . , s^{(ν)}_k , 0, . . . , 0} and define B^{(ν)} := U^{(ν)}Σ^{(ν)}V^{(ν)T} .

⋄ PROJECT. Compute A^{(ν+1)} ∈ T nearest to B^{(ν)}:

▷ From B^{(ν)}, choose A^{(ν+1)} to be the matrix formed by replacing the diagonals of B^{(ν)} by the averages of their entries.

• The general approach remains applicable to any other linear structure, and symmetry can be enforced. ⋄ The only thing that needs to be modified is the projection in the projection (second) step.

Geometric Sketch

Figure 2: Algorithm 1 with intersection of lower rank matrices and Toeplitz matrices

Black-box Function

• Descent property:

‖A^{(ν+1)} − B^{(ν+1)}‖_F ≤ ‖A^{(ν+1)} − B^{(ν)}‖_F ≤ ‖A^{(ν)} − B^{(ν)}‖_F .

⋄ Descent with respect to the Frobenius norm which is not necessarily the norm used in the structure preserving rank reduction problem.

• If all A^{(ν)} are distinct then the iteration converges to a Toeplitz matrix of rank k.

⋄ In principle, the iteration could be trapped in an impasse where A^{(ν)} and B^{(ν)} would not improve any more, but not experienced in practice.

• The lift and project iteration provides a means to define a black-box function

P : T −→ T � R(k).

⋄ The P (T ) is presumably piecewise continuous since all projections are continuous.

The graph of P (T )

• Consider P : R^2 −→ R^2:

⋄ Use the xy-plane to represent the domain of P for 2 × 2 symmetric Toeplitz matrices T (t_1, t_2).

⋄ Use the z-axis to represent the image p_{11}(T ) and p_{12}(T )), respectively.

Figure 3: Graph of P (T ) for 2-dimensional symmetric Toeplitz T .

• Toeplitz matrices of the form T (t_1, 0) or T (0, t_2), corresponding to points on axes, converge to the zero matrix.

Implicit Optimization

• Implicit formulation: min T =toeplitz(t_1,... ,tn)

‖T_0 − P (T )‖. (4)

⋄ T_0 is the given target matrix.

⋄ P (T ), regarded as a black box function evaluation, provides a handle to manipulate the objective function f(T ) := ‖T_0 − P (T )‖.

⋄ The norm used in (4) can be any matrix norm.

• Engineers’ misconception:

⋄ P (T ) is not necessarily the closest rank k Toeplitz matrix to T .

⋄ In practice, P (T_0) has been used “as a cleansing process whereby any corrupting noise, measurement distortion or theoretical mismatch present in the given data set (namely, T_0) is removed.”

⋄ More needs to be done in order to find the closest lower rank Toeplitz approximation to the given T_0 as P (T_0) is merely known to be in the feasible set.

Numerical Experiment

• An ad hoc optimization technique:

⋄ The simplex search method by Nelder and Mead requires only function evaluations.

⋄ Routine fmins in MATLAB, employing the simplex search method, is ready for use in our application.

• An example:

⋄ Suppose T_0 = T (1, 2, 3, 4, 5, 6).

⋄ Start with T^{(0)} = T_0, and set worst case precision to 10^{−6} .

⋄ Able to calculate all lower rank matrices while maintaining the symmetric Toeplitz structure. Always so? ⋄ Nearly machine-zero of smallest calculated singular value(s) =⇒ T^∗_k is computationally of rank k.

⋄ T^∗_k is only a local solution.

⋄ ‖T^∗_k − T_0‖ < ‖P (T_0) − T_0‖ which, though represents only a slight improvement, clearly indicates that P (T_0) alone does not give rise to an optimal solution.

Low Rank Toeplitz Approximation 301

rank k 5 4 3 2 1 # of iterations 110 81 46 36 17 # of SVD calls 1881 4782 2585 2294 558

optimal solution

� � � � �

1.1046 1.8880 3.1045 3.9106 5.0635 5.9697

� � � � �

� � � � �

1.2408 1.8030 3.0352 4.1132 4.8553 6.0759

� � � � �

� � � � �

1.4128 1.7980 2.8171 4.1089 5.2156 5.7450

� � � � �

� � � � �

1.9591 2.1059 2.5683 3.4157 4.7749 6.8497

� � � � �

� � � � �

2.9444 2.9444 2.9444 2.9444 2.9444 2.9444

� � � � �

‖T_0 − T^∗_k ‖ 0.5868 0.9851 1.4440 3.2890 8.5959

singular values

� � � � � �

17.9851 7.4557 2.2866 0.9989 0.6164 3.4638e−15

� � � � � �

� � � � � �

17.9980 7.4321 2.2836 0.8376 2.2454e−14 2.0130e−14

� � � � � �

� � � � � �

18.0125 7.4135 2.1222 1.9865e−14 9.0753e−15 6.5255e−15

� � � � � �

� � � � � �

18.2486 6.4939 2.0884e−14 7.5607e−15 3.8479e−15 2.5896e−15

� � � � � �

� � � � � �

17.6667 2.0828e−14 9.8954e−15 6.0286e−15 2.6494e−15 2.1171e−15

� � � � � �

Table 1: Test results for a case of n = 6 symmetric Toeplitz structure

Explicit Optimization

• Difficult to compute the gradient of P (T ). • Other ways to parameterize structured lower rank matrices:

⋄ Use eigenvalues and eigenvectors for symmetric matrices;

⋄ Use singular values and singular vectors for general matrices.

⋄ Robust, but might have overdetermined the problem.

An Illustration

• Define

M(α_1, . . . , α_k, y^{(1)}, . . . , y^{(k)}) := k� i=1 α_iy^{(i)}y^{(i)T} .

• Reformulate the symmetric Toeplitz structure preserving rank reduction problem explicitly as

min ‖T_0 − M(α_1, . . . , α_k, y^{(1)}, . . . , y^{(k)})‖(5) subject to m_{j,j+s−1} = m_{1,s}, (6) s = 1, . . . n − 1, j = 2, . . . , n − s + 1, if M = [m_{ij}].

⋄ Objective function in (5) is described in terms of the non-zero eigenvalues α_1, . . . , α_k and the corresponding eigenvectors y^{(1)}, . . . , y^{(k)} of M.

⋄ Constraints in (6) are used to ensure that M is symmetric and Toeplitz.

• For other types of structures, we only need modify the constraint statement accordingly.

• The norm used in (5) can be arbitrary but is fixed.

Redundant Constraints

• Symmetric centro-symmetric matrices have special spectral properties:

⋄ ⌈n/2⌉ of the eigenvectors are symmetric; and ⋄ ⌊n/2⌋ are skew-symmetric.

▷ v = [v_i] ∈ R^n is symmetric (or skew-symmetric) if v_i = v_{n−i} (or v_i = −v_{n−i} ).

• Symmetric Toeplitz matrices are symmetric and centrosymmetric.

• The formulation in (5) does not take this spectral structure into account in the eigenvectors y^{(i)}. ⋄ More variables than needed have been introduced. ⋄ May have overlooked any internal relationship among the^{n(n−1)}_2 equality constraints.

⋄ May have caused, inadvertently, additional computation complexity.

Using Existing Optimization Codes

• Using constr in MATLAB

⋄ Routine constr in MATLAB:

▷ Uses a sequential quadratic programming method. ▷ Solve the Kuhn-Tucker equations by a quasi-Newton updating procedure.

▷ Can estimate derivative information by finite difference approximations.

▷ Readily available in Optimization Toolbox. ⋄ Our experiments:

▷ Use the same data as in the implicit formulation. ▷ Case k = 5 is computationally the same as before. ▷ Have trouble in cases k = 4 or k = 3,

· Iterations will not improve approximations at all.

· MATLAB reports that the optimization is terminated successfully.

• Using LANCELOT on NEOS

⋄ Reasons of failure of MATLAB are not clear.

▷ Constraints might no longer be linearly independent.

▷ Termination criteria in constr might not be adequate.

▷ Difficult geometry means hard-to-satisfy constraints. ⋄ Using more sophisticated optimization packages, such as LANCELOT.

▷ A standard Fortran 77 package for solving largescale nonlinearly constrained optimization problems.

▷ Break down the functions into sums of element functions to introduce sparse Hessian matrix.

▷ Huge code. See

http://www.rl.ac.uk/departments/ccd/numerical/lancelot/sif/sifhtml.html.

▷ Available on the NEOS Server through a socketbased interface.

▷ Uses the ADIFOR automatic differentiation tool.

⋄ LANCELOT works.

▷ Find optimal solutions of problem (5) for all values of k.

▷ Results from LANCELOT agree, up to the required accuracy 10^{−6} , with those from fmins.

▷ Rank affects the computational cost nonlinearly.

rank k 5 4 3 2 1 # of variables 35 28 21 14 7 # of f/c calls 108 56 47 43 19 total time 12.99 4.850 3.120 1.280 .4300

Table 3: Cost overhead in using LANCELOT for n = 6.

Conclusions

• Structure preserving rank reduction problems arise in many important applications, particularly in the broad areas of signal and image processing.

• Constructing the nearest approximation of a given matrix by one with any rank and any linear structure is difficult in general.

• We have proposed two ways to formulate the problems as standard optimization computations.

• It is now possible to tackle the problems numerically via utilizing standard optimization packages.

• The ideas were illustrated by considering Toeplitz structure with Frobenius norm.

• Our approach can be readily generalized to consider rank reduction problems for any given linear structure and of any given matrix norm.

Low Rank Circulant Approximation

• Basic Properties • (Inverse) Eigenvalue Problem • Conjugate Evenness • Low Rank Approximation • Tree Structure • Numerical Experiment

Basic Properties

• A circulant matrix C = Circul(c)

C =

� � � � c_0 c_1 . . . c_{n−1} c_{n−1} c_0 c_1 . . . c_{n−2} c_{n−2} c_{n−1} c_0 . . . c_{n−3} . . ... ... . c_1 c_2 c_{n−1} c_0

� � � � is uniquely determined by the first row c. ⋄ Define

Π :=

� � � �

0 1 0 . . . 0 0 0 1 0 . ... ... . 0 1 1 0 . . . 0

� � � � .

Then

Circul(c) = n−1� k=0 c_kΠ^k = P_c(Π)

with characteristic polynomial

P_c(x) = n−1� k=0 c_kx^k.

Elementary Spectral Properties

• Define

Ω := diag(1, ω, ω^2, . . . , ω^{n−1} ), ω := exp( 2πi n ). • Define the Fourier matrix F where

F^∗ := 1 √ n

� � � �

1 1 1 . . . 1 1 ω ω^2 . . . ω^{n−1} 1 ω^2 ω^4 . . . ω^{2n−2} . . 1 ω^{n−1} ω^{n−2} . . . ω

� � � � .

⋄ F is unitary.

• The forward shift matrix Π is unitarily diagonalizable.

Π = F^∗ΩF.

• The circulant matrix Circul(c) with any given row vector c has a spectral decomposition Circul(c) = F^∗P_c(Ω)F.

• Spectral properties:

⋄ Closely related to the discrete Fourier transform. ⋄ Explicit solution for eigenvalue and inverse eigenvalue problems.

⋄ FFT calculation.

(Inverse) Eigenvalue Problem

• Forward problem:

⋄ Eigenvalues of Circul(c): λ = [P_c(1), . . . P_c(ω^{n−1} )].

⋄ Can be computed from λ^T = √ nF^∗c^T .

• Inverse problem:

⋄ Given any vector λ := [λ_0, . . . , λ_{n−1} ] ∈ C^n, define c^T = 1 √ n F λ^T .

⋄ Circul(c) has eigenvalues in vector λ.

• Both matrix-vector products involved done in O(n log_2 n) flops.

• If all the eigenvalues are distinct, there are precisely n! distinct circulant matrices with the prescribed spectrum.

Conjugate Evenness

• c^T =^{1√}_nF λ^T is real if and only if λ^T = √ nF^∗c^T is conjugate-even. ⋄ If n = 2m,

λ = [λ_0, λ_1, . . . , λ_{m−1} , λ_m, λ_{m−1} , . . . , λ_1]. ▷ λ_0, λ_m ∈ R. (Absolutely real, others real or complex.)

⋄ If n = 2m + 1,

λ := [λ_0, λ_1, . . . , λ_m, λ_m, . . . , λ_1]. ▷ λ_0 ∈ R. (Absolutely real.)

• Singular value decomposition of Circul(c):

Circul(c) = (F^∗P_c(Ω)|P_c(Ω)|^{−1} )|P_c(Ω)|F ⋄ Singular values are |P_c(ω^k)|, k = 0, 1, · · · n − 1. ⋄ At most ⌈^{n+1}_2 ⌉ distinct singular values.

Low Rank Approximation

• Given A ∈ R^{n×n} , its nearest circulant matrix approximation Circul(c) is given by the projection (T. Chan)

c_k := 1 n ⟨A, Π^k⟩, k = 0, . . . , n − 1,

⋄ Circul(c) is generally of full rank even if A has lower rank.

• How to reduce the rank of Circul(c)?

⋄ The truncated singular value decomposition (TSVD) gives rise to the nearest low rank approximation in Frobenius norm.

⋄ The TSVD of Circul(c) is automatically circulant. ⋄ But: the TSVD can lead to a complex circulant approximation.

Trivial O(n log n) TSVD Algorithm

• Given a real matrix A and a fixed rank ℓ ≤ n, 1. Use the projection to find the nearest real circulant matrix approximation Circul(c) of A.

2. Use the FFT to calculate the spectrum λ of the matrix Circul(c).

3. Arrange all elements of |λ| in descending order, including those with equal modulus.

4. Let λ̂ be the vector consisting of elements of λ, but those corresponding to the last n − ℓ singular values in the descending order are set to zero.

5. Apply the inverse FFT to λ̂ to determine a nearest circulant matrix Circul(ĉ) of rank ℓ to A.

• The resulting matrix Circul(ĉ) is complex-valued in general.

⋄ Need to preserve the conjugate-even structure. ⋄ Need to modify the TSVD strategy.

Data Matching Problem

• The low rank “real” circulant approximation problem is equivalent to a data matching problem:

(DMP) Given a conjugate-even vector λ ∈ C^n, find its nearest conjugate-even approximation λ̂ ∈ C n subject to the constraint that λ̂ has exactly n − ℓ zeros.

• How to solve the DMP?

⋄ Write λ̂ = [λ̂_1, 0] ∈ C^n with λ̂_1 ∈ C^ℓ being arbitrary.

⋄ Consider the problem of minimizing F (P, λ̂) = ‖P λ̂^T − λ^T ‖^2 with a permutation matrix P . ▷ P is used to search for the match.

⋄ Write P = [P_1, P_2] with P_1 ∈ R^{n×ℓ} .

⋄ A least squares problem: F (P, λ̂) = ‖P_1λ̂^T_1 − λ^T ‖^2 ⋄ The optimal solution is λ̂_1 = λP_1.

▷ The entries of λ̂_1 must be a portion of λ. ⋄ The objective function becomes F (P, λ̂) = ‖(P_1P^T_1 − I)λ‖^2.

▷ P_1P^T_1 − I is just a projection.

▷ The optimal permutation P should be such that P_1P^T_1 projects λ to its first ℓ components with largest modulus.

• Without the conjugate-even constraint, the answer to the data matching problem corresponds precisely to the usual TSVD selection criterion.

• With the conjugate-even constraint, the above criterion remains effective subject to the conjugate-even structure inside λ.

Low Rank Circulant Approximation 319

An Example using a Tree Structure

• Consider the case n = 6.

• Suppose λ_1, λ_2 are complex and distinct.

• Six possible conjugate-even structures.

• Tree graph:

⋄ Each node in the tree represents an element of λ. ⋄ Arrange the nodes from top to bottom in descending order of their moduli.

⋄ In case of a tie,

▷ Complex conjugate nodes stay at the same level. ▷ Real node is below the complex nodes.

• If λ_1, λ_1, λ_0, λ_2, λ_2, λ_3, then the tree is given by: � λ_1 � � � �λ_1 � � �λ_0 � � � � � � � � � � λ_2 � � � �λ_2 � � � λ_3

Figure 4: Tree graph of λ_1, λ_1, λ_0, λ_2, λ_2, λ_3 with |λ_1| ≥ |λ_0| > |λ_2| ≥ |λ_3|.

320 Structured Low Rank Approximation

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � �

rank = 5 rank = 3 rank = 2

Figure 5: Tree graphs of λ̂ with rank 5, 3, and 2.

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 2|λ_2|^2 < |λ_0|^2 + |λ_3|^2 2|λ_2|^2 > |λ_0|^2 + |λ_3|^2

Figure 6: Tree graphs of λ̂ with rank 4. � � � � � � � � � � � � � � � � � � � � � � � � �

Figure 7: Tree graph of λ̂ with rank 1.

Low Rank Circulant Approximation 321

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � �

� � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � � �

� � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � �

� � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � �

λ rank � � � � � 5 4 3 2 1 other possibilities � �

� � �

� � � � � � � �

� � � � � � � � � � � � � �

A4 A4

A2 A2

� � � � � � � � � � � � �

� � � � � � � � B2 B2

� � �

� � � � � � � �

� � � �

� � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � �

� � � � � � � � � � �

� � � � �

� � � � � � F4 F4

Figure 8: Possible solutions to the DMP when n = 6.

Numerical Experiment

• The low rank approximation algorithm needs to be smart enough to explore the conjugate-even structure, to truncate, and to reassemble the conjugate-even structure.

• Numerical complexity is O(n log n) flops.

Example 1: Symmetric Illustration

Consider the 8 × 8 symmetric Circul(c): c = [0.5404, 0.2794, 0.1801, -0.0253, -0.2178, -0.0253, 0.1801, 0.2794]. • Eigenvalues (in descending order):

[1.1909, 1.1892, 1.1892, 0.3273, 0.3273, 0.1746, -0.0376, -0.0376] • For rank 7 approximation, the usual TSVD would set -0.0376 to zero, resulting in a complex matrix.

• Use the conjugate-even eigenvalues

λ̂ = [_{1.1909, 1.1892, 0.3273, -0.0376, 0 -0.0376, 0.3273, 1.1892}], to obtain the best real-valued, rank 7, approximation Circul(ĉ) via the FFT:

ĉ = [0.5186, 0.3657, 0.0670, -0.0680, -0.0572, -0.0680, 0.0670, 0.3657]. • To obtain the best real-value, rank 4, circulant approximation, use eigenvalues λ̂

λ̂ = [_{1.1909, 1.1892, 0, 0, 0.3273, 0, 0, 1.1892}].

Example 2: Complex Illustration

Consider the 9 × 9 Circul(c) with c = [1.6864, 1.7775, 1.9324, 2.9399, 1.9871, 1.7367, 4.0563, 1.2848, 2.5989]. • Eigenvalues: structure given by

[20.0000,

-2.8130 + 1.9106i, -2.8130 - 1.9106i, 3.0239 - 1.0554i, 3.0239 + 1.0554i, -1.3997 + 0.7715i, -1.3997 - 0.7715i, -1.2223 - 0.2185i, -1.2223 + 0.2185i].

• To obtain a real-valued circulant approximation of rank 8, we have no choice but to select the set the largest eigenvalue (singular value) of Circul(c) to zero. ⋄ Setting the largest singular value to zero to obtain the nearest real low rank approximation is quite counter-intuitive to the usual sense of TSVD.

⋄ Apply algorithm to reduce the rank further, to 7.

Example 3: Perturbed Case

• Let C_κ ∈ R^{n×n} be a given circulant matrix of rank κ.

Random noise added to C_κ will destroy the circulant structure as well as the rank condition.

• Let E ∈ R^{n×n} denote a random but fixed circulant matrix with unit Frobenius norm, and let

W_j = C_κ + 10^{−j} E, j = 1, . . . , 12.

• W_j will almost certainly be of full rank. Note that ‖W_j − C_κ‖ = 10^{−j} . It will be interesting to see if W_j has any closer circulant matrix approximation of rank κ other than C_κ, especially when j is large.

• Test case with n = 100, κ = 73, and a predetermined matrix C_{73}.

• Using our algorithm to find the best circulant approximation Z_j to W_j, we find that it is always the case that

‖W_j − Z_j‖ < ‖W_j − C_κ‖

for all j, i.e., our real circulant approximation is closest.

Conclusion

• For any given real data matrix, its nearest real circulant approximation can simply be determined from the average of its diagonals.

• The nearest low rank (possibly complex) approximation to the circulant matrix can be determined effectively from the TSVD and the FFT.

• To construct a real circulant matrix with specified spectrum, the eigenvalues must appear in conjugate-even form. So, the truncation criteria for a nearest low rank, real, circulant matrix approximation must be modified.

• We have proposed a fast algorithm with O(n log n) complexity to accomplish all of these objectives.

Figure 9: Distribution of Singular Values.

Figure 10: Errors in Approximation.

Structured Low Covarance Approximation 329

Lor Rank Covarance Approximation

Euclidian Distance Matrix Approximation

Approximate GCD 331

Approximate GCD

f-COUNT FUNCTION MAX{g} STEP Procedures
   29 0.958964 8.65974e-15 1
   77 0.958964 2.66454e-14 1.91e-06
  131 0.958964 2.70894e-14 2.98e-08 Hessian modified twice
  185 0.958964 2.70894e-14 2.98e-08
  239 0.958964 2.73115e-14 2.98e-08
  289 0.958964 2.77556e-14 4.77e-07
  337 0.958964 2.77556e-14 1.91e-06
  393 0.958964 2.77556e-14 7.45e-09 Hessian modified twice
  445 0.958964 5.28466e-14 1.19e-07
  501 0.958964 5.68434e-14 7.45e-09
  557 0.958964 5.70655e-14 7.45e-09 Hessian not updated
  613 0.958964 5.66214e-14 7.45e-09
  667 0.958964 5.55112e-14 2.98e-08 Hessian modified twice
  713 0.958964 3.17302e-13 7.63e-06
  761 0.958964 2.61569e-13 1.91e-06
  812 0.958964 2.60014e-13 -2.38e-07 Hessian modified twice
  856 0.958964 2.57794e-13 3.05e-05 Hessian modified twice
  900 0.958964 2.56462e-13 3.05e-05 Hessian modified twice
  948 0.958964 2.57128e-13 1.91e-06
  994 0.958964 2.56684e-13 7.63e-06
 1038 0.958964 3.42837e-13 3.05e-05
 1083 0.958964 3.41727e-13 -1.53e-05 Hessian modified twice
 1124 0.958964 3.92575e-13 0.000244 Hessian modified twice
 1161 0.958964 5.04485e-13 0.00391 Hessian modified twice
 1200 0.958964 5.12923e-13 0.000977 Hessian modified twice
 1233 0.958964 5.61551e-13 0.0625 Hessian modified twice
 1272 0.958964 5.86642e-13 0.000977 Hessian modified twice
 1308 0.958964 4.84279e-13 0.00781 Hessian modified twice
 1309 0.958964 4.84723e-13 1 Hessian modified twice
Optimization Converged Successfully

Table 2: A typical output of intermediate results from constr.

Bibliography

[1] G. Alefeld, A. Gienger, and G. Mayer. Numerical validation for an inverse matrix eigenvalue problem. Computing, 53:311–322, 1994.

[2] J. C. Alexander. The additive inverse eigenvalue problem and topological degree. Proc.

Amer. Math. Soc., 70(1):5–7, 1978.

[3] G. S. Ammar. Inverse eigenvalue methods and flag manifolds. In Computational and combinatorial methods in systems theory (Stockholm, 1985), pages 177–184. North-Holland, Amsterdam, 1986.

[4] G. S. Ammar and C. Y. He. On an inverse eigenvalue problem for unitary Hessenberg matrices. Linear Algebra Appl., 218:263–271, 1995.

[5] L.-E. Andersson. Inverse eigenvalue problems for a Sturm-Liouville equation in impedance form. Inverse Problems, 4(4):929–971, 1988.

[6] L.-E. Andersson. Inverse eigenvalue problems with discontinuous coefficients. Inverse Problems, 4(2):353–397, 1988.

[7] L.-E. Andersson. Algorithms for solving inverse eigenvalue problems for Sturm-Liouville equations. In Inverse methods in action (Montpellier, 1989), pages 138–145. Springer, Berlin, 1990.

[8] A. L. Andrew. Eigenvectors of certain matrices. Linear Alg. Appl., 7:151–162, 1973.

[9] A. L. Andrew. Some recent developments in inverse eigenvalue problems. Computational Techniques and Applications: CTAC93, ed. D. Stewart, H. Gardner and D. Singleton, pages 94–102, 1994.

[10] M. Arav, D. Hershkowitz, V. Mehrmann, and H. Schneider. The recursive inverse eigenvalue problem. SIAM J. Matrix Anal. Appl., 22(2):392–412 (electronic), 2000.

[11] B. C. Arnold. Majorization and the Lorenz Order: A Brief Introduction, volume 43 of Lecture Notes in Statistics. Springer-Verlag, Berlin, 1987.

[12] M. Arnold. Conditioning and Algorithm for the Eigenvalue Assignment Problem. Ph.d.

thesis, Department of Mathematical Sciences, Northern Illinois University, Dekalb, Illinois, 1993.

[13] V. Barcilon. Iterative solution of the inverse Sturm-Liouville equation. J. Math. Phys., 15:429–436, 1974.

[14] V. Barcilon. On the solution of inverse eigenvalue problems with high orders. Geophys.

J. Royal Astronomical Society, 39:153–154, 1974.

[15] V. Barcilon. On the uniqueness of inverse eigenvalue problems. Geophys. J. Royal Astronomical Society, 38:287–298, 1974.

[16] V. Barcilon. Inverse problem for a vibrating beam. J. Appl. Math. Phys., 27:346–358, 1976.

[17] V. Barcilon. On the solution of the inverse problem with amplitude and natural frequency data I. Phys. Earth Planet. Int., 13:1–8, 1976.

[18] V. Barcilon. Discrete analog of an iterative method for inverse eigenvalue problems for Jacobi matrices. Z. Angew. Math. Phys., 29(2):295–300, 1978.

[19] V. Barcilon. On the multiplicity of solutions of the inverse problems for a vibrating beam.

SIAM J. Appl. Math., 37(3):119–127, 1979.

[20] V. Barcilon. Inverse eigenvalue problems. In Inverse problems (Montecatini Terme, 1986), pages 1–51, Lecture Notes in Math., Vol. 1225. Springer, Berlin, 1986.

[21] V. Barcilon. A two-dimensional inverse eigenvalue problem. Inverse Problems, 6(1):11– 20, 1990.

[22] V. Barcilon and G. Turchetti. On an inverse eigenvalue problem with truncated spectral data. In Inverse and Improperly Posed Problems in Differential Equations (Proc. Conf., Math. Numer. Methods, Halle, 1979), pages 25–34. Akademie-Verlag, Berlin, 1979.

[23] V. Barcilon and G. Turchetti. Extremal solutions of inverse eigenvalue problems with finite spectral data. Wave Motion, 2(2):139–148, 1980.

[24] D. C. Barnes. The inverse eigenvalue problem with finite data. SIAM J. Math. Anal., 22(3):732–753, 1991.

[25] D. C. Barnes and R. Knobel. The inverse eigenvalue problem with finite data for partial differential equations. SIAM J. Math. Anal., 26(3):616–632, 1995.

[26] W. W. Barrett and C. R. Johnson. Possible spectra of totally positive matrices. Linear Alg. Appl., 62:231–233, 1984.

[27] D. A. Bayer and J. C. Lagarias. The nonlinear geometry of linear programming, I and II. Trans. Amer. Math. Soc., 314:499–581, 1989.

[28] A. I. Benedek and R. Panzone. On inverse eigenvalue problems for a second-order differential equation with parameter contained in the boundary conditions. Universidad Nacional del Sur Instituto de Matemática, Bahía Blanca, 1980.

[29] A. Berman. System identification of structural dynamic models — theoretical and practical bounds. AIAA Paper, 84-929:123–129, 1984.

[30] A. Berman and R. J. Plemmons. Nonnegative Matrices in the Mathematical Sciences.

Academic Press, New York, 1979. also Classics in Applied Mathematics 9, SIAM, Philadelphia, 1994.

[31] R. Bhatia. Perturbation Bounds for Matrix Eigenvalues. Longman Scientific & Technical, Wiley, New York, 1987.

[32] F. W. Biegler-König. Construction of band matrices from spectral data. Linear Alg.

Appl., 40:79–84, 1981.

[33] F. W. Biegler-König. A Newton iteration process for inverse eigenvalue problems. Numer.

Math., 37(3):349–354, 1981.

[34] F. W. Biegler-König. Sufficient conditions for the solubility of inverse eigenvalue problems. Linear Algebra Appl., 40:89–100, 1981.

[35] A. M. Bloch. Steepest descent, linear programming, and hamiltonian flows. Contemporary Math., 114:77–88, 1990.

[36] A. M. Bloch. Hamiltonian and Gradient Flows, Algorithms and Control, volume Vol. III of Fields Institute Commun. AMS, 1994.

[37] A. M. Bloch, R. W. Brockett, and R. S. Ratiu. A new formulation of the generalized toda lattice equations and their fixed point analysis via the momentum map. Bulletin AMS, 23:477–485, 1990.

[38] Z. Bohte. Numerical solution of the inverse algebraic eigenvalue problem. Computer J., 10:385–388, 1968.

[39] D. Boley and G. H. Golub. Inverse eigenvalue problems for band matrices. In Numerical analysis (Proc. 7th Biennial Conf., Univ. Dundee, Dundee, 1977), pages 23–31. Lecture Notes in Math., Vol. 630. Springer, Berlin, 1978.

[40] D. Boley and G. H. Golub. A modified method for reconstructing periodic Jacobi matrices. Math. Comput., 24:143–150, 1984.

[41] D. Boley and G. H. Golub. A survey of matrix inverse eigenvalue problems. Inverse Problems, 3(4):595–622, 1987.

[42] D. L. Boley and G. H. Golub. The matrix inverse eigenvalue problem for periodic Jacobi matrices. In Proceedings of the Fourth Symposium on Basic Problems of Numerical Mathematics (Plzeň, 1978), pages 63–76, Prague, 1978. Charles Univ.

[43] C. F. Borges, R. Frezza, and W. B. Gragg. Some inverse eigenproblems for Jacobi and arrow matrices. Numer. Lin. Alg. Appl., 2(3):195–203, 1995.

[44] Á. Bosznay. Solution of the inverse eigenvalue problem of a vibrating continuum with the method of intermediate operators. In Numerical treatment of differential equations, Vol. 3 (Clausthal, 1980), pages 18–35. Birkhäuser, Basel, 1981.

[45] M. Boyle and D. Handelman. The spectra of nonnegative matrices via symbolic dynamics.

Ann. Math., 133:249–316, 1991.

[46] R. W. Brockett. Least squares matching problems. Linear Alg. Appl., 122/123/124:761– 777, 1989.

[47] R. W. Brockett. Dynamical systems that sort lists, diagonalize matrices and solve linear programming problems. Linea Alg. Appl., 146:79–91, 1991.

[48] A. Bunse-Gerstner, R. Byers, V. Mehrmann, and N. K. Nichols. Numerical computation of an analytic singular value decomposition of a matrix valued function. Numer. Math., 60:1–40, 1991.

[49] R. Byers. A bisection method for measuring the distance of a stable matrix to the unstable matrices. SIAM J. Sci. Stat. Comput., 9(5):875–881, 1988.

[50] R. Byers and S. G. Nash. Approaches to robust pole assignments. Internal. J. Control, 45:97–107, 1989.

[51] C. I. Byrnes. Pole placement by output feedback. In Three Decades of Mathematical Systems Theory, volume 135, pages 31–78. Lecture Notes in Control and Information Sciences, Vol. 135. Springer-Verlag, 1989.

[52] C. I. Byrnes and X. Wang. The additive inverse eigenvalue problem for Lie perturbations.

SIAM J. Matrix Anal. Appl., 14(1):113–117, 1993.

[53] M. P. Calvo, A. Iserles, and A. Zanna. Runge-kutta methods for orthogonal and isospectral flows. Technical Report DAMTP Tech. Rep. 1996/NA08, University of Oxford, 1996.

[54] M. P. Calvo, A. Iserles, and A. Zanna. Numerical solution of isospectral flows. Math.

Comput., 66:1461–1486, 1997.

[55] A. Cantoni and F. Bulter. Eigenvalues and eigenvectors of symmetric centrosymmetric matrices. Linear Alg. Appl., 13:275–288, 1976.

[56] R. Carlson. Inverse eigenvalue problems on directed graphs. Trans. Amer. Math. Soc., 351(10):4069–4088, 1999.

[57] K. Chadan, D. Colton, L. Päivärinta, and W. Rundell. An introduction to inverse scattering and inverse spectral problems. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1997.

[58] R. H. Chan, S.-F. Xu, and H.-M. Zhou. On the convergence of a quasi-Newton method for inverse eigenvalue problems. SIAM J. Numer. Anal., 36(2):436–441 (electronic), 1999.

[59] P. J. Channell and C. Scovel. Symplectic integration of hamiltonian systems. Nonlinearity, 3:231–259, 1990.

[60] B. Chari and H. Hochstadt. A direct and inverse problem for a hill’s matrix with double eigenvalues. Linear Alg. Appl., 52/53:177–197, 1983.

[61] X. Chen and M. T. Chu. On the least squares solution of inverse eigenvalue problems.

SIAM J. Numer. Anal., 33(6):2417–2430, 1996.

[62] M. T. Chu. On the continuous realization of iterative processes. SIAM Review, 30(3):375– 387, 1988.

[63] M. T. Chu. Solving additive inverse eigenvalue problems for symmetric matrices by the homotopy method. IMA J. Numer. Anal., 10(3):331–342, 1990.

[64] M. T. Chu. A continuous Jacobi-like approach to the simultaneous reduction of real matrices. Linear Algebra Appl., 147:75–96, 1991.

[65] M. T. Chu. Matrix differential equations: A continuous realization process for linear algebra problems. Nonlinear Anal., TMA, 18(12):1125–1146, 1992.

[66] M. T. Chu. Numerical methods for inverse singular value problems. SIAM J. Numer.

Anal., 29(3):885–903, 1992.

[67] M. T. Chu. On a differential equation^{dX}_{dt} = [x, k(x)] where k is a Toepliz annihilator.

available at http://www4.ncsu.edu/~mtchu, 1993.

[68] M. T. Chu. On the refinement of a Newton method for the inverse Toepliz eigenvalue problem. available at http://www4.ncsu.edu/~mtchu, 1994.

[69] M. T. Chu. Constructing a Hermitian matrix from its diagonal entries and eigenvalues.

SIAM J. Matrix Anal. Appl., 16:207–217, 1995.

[70] M. T. Chu. Inverse eigenvalue problems. SIAM Rev., 40(1):1–39 (electronic), 1998.

[71] M. T. Chu. On constructing matrices with prescribed singular values and diagonal elements. Linear Algebra Appl., 288(1-3):11–22, 1999.

[72] M. T. Chu. A fast recursive algorithm for constructing matrices with prescribed eigenvalues and singular values. SIAM J. Numer. Anal., 37(3):1004–1020 (electronic), 2000.

[73] M. T. Chu and K. R. Driessel. The projected gradient method for least squares matrix approximations with spectral constraints. SIAM J. Numer. Anal., 27:1050–1060, 1990.

[74] M. T. Chu and K. R. Driessel. Constructing symmetric nonnegative matrices with prescribed eigenvalues by differential equations. SIAM J. Math. Anal., 22:1372–1387, 1991.

[75] M. T. Chu and M. A. Erbrecht. Symmetric Toepliz matrices with two prescribed eigenpairs. SIAM J. Matrix Anal. Appl., 15(2):623–635, 1994.

[76] M. T. Chu and Q. Guo. A numerical method for the inverse stochastic spectrum problem.

SIAM J. Matrix Anal. Appl., 19(4):1027–1039, 1998.

[77] M. T. Chu and J. L. Watterson. Multivariate eigenvalue problem: I. algebraic theory and power method. SIAM J. Sci. Comput., 14(5):1089–1106, 1993.

[78] M. T. Chu and J. W. Wright. The education testing problem revisited. IMA J. Numer.

Anal., 15(1):141–160, 1995.

[79] V. N. Chugunov and K. D. Ikramov. On the Teng inverse eigenvalue problem. Linear Alg. Appl., 208/209:397–399, 1994.

[80] E. A. Coddington and N. Levinson. Theory of Ordinary Differential Equations. McGraw- Hill, New York, 1955.

[81] C. F. Coleman and J. R. McLaughlin. Solution of the inverse spectra problem for an impedance with integrable derivative, part i. Commun. Pure. Appl. Math., 46:145–184, 1993.

[82] C. F. Coleman and J. R. McLaughlin. Solution of the inverse spectra problem for an impedance with integrable derivative, part ii. Commun. Pure. Appl. Math., 46:185–212, 1993.

[83] D. L. Colton and J. R. McLaughlin. The US DOD: Research interests in inverse problems:

Introduction. Inverse Problem, 10:993–994, 1994.

[84] J. Cortés Gallego. Elementary transformtions with submatrices. Application to the inverse eigenvalue problem. In Proceedings of the First Conference of Portuguese and Spanish Mathematicians (Lisbon, 1972) (Spanish), pages 344–351, Madrid, 1973. Inst. “Jorge Juan” Mat.

[85] G. Cybenko. On the eigenstructure of Toepliz matrices. IEEE Trans. Acoust., Speech, Signal Process., ASSP-32:918–920, 1984.

[86] H. Dai. Inverse eigenvalue problems for real symmetric banded matrices. Math. Numer.

Sinica, 10(1):107–111, 1988.

[87] H. Dai. Inverse eigenvalue problems for periodic Jacobi matrices. Nanjing Daxue Xuebao Shuxue Bannian Kan, 6(2):132–138, 1989.

[88] H. Dai. Sufficient conditions for the solvability of an algebraic inverse eigenvalue problem.

Math. Numer. Sinica, 11(3):333–336, 1989.

[89] H. Dai. Inverse eigenvalue problems for Jacobi matrices and symmetric tridiagonal matrices. Numer. Math. J. Chinese Univ., 12(1):1–13, 1990.

[90] H. Dai. About an inverse eigenvalue problem arising in vibration analysis. RAIRO Modél.

Math. Anal. Numér., 29(4):421–434, 1995.

[91] H. Dai. The unsolvability of generalized inverse eigenvalue problems almost everywhere.

Numer. Math. J. Chinese Univ. (English Ser.), 5(2):217–227, 1996.

[92] H. Dai. An algorithm for symmetric generalized inverse eigenvalue problems. Linear Algebra Appl., 296(1-3):79–98, 1999.

[93] H. Dai. A numerical method for solving inverse eigenvalue problems. M2AN Math. Model.

Numer. Anal., 33(5):1003–1017, 1999.

[94] H. Dai and P. Lancaster. Newton’s method for a generalized inverse eigenvalue problem.

Numer. Linear Algebra Appl., 4(1):1–21, 1997.

[95] S. S. Dang. A note on best approximation for an inverse eigenvalue problem. Math.

Numer. Sinica, 10(4):444–445, 1988.

[96] B. N. Datta, S. Elhay, and Y. M. Ram. Orthogonality and partial pole assignment for the symmetric definite quadratic pencil. Linear Alg. Appl., to appear.

[97] B. N. Datta, S. Elhay, Y. M. Ram, and D. R. Sarkissian. Partial eigenstructure assignment for the quadratic pencil. J. Sound Vibration, 230(1):101–110, 2000.

[98] C. de Boor and G. H. Golub. The numerically stable reconstruction of a Jacobi matrix from spectral data. Linear Alg. Appl., 21(3):245–260, 1978.

[99] G. N. de Oliveira. Note on the additive inverse eigenvalue problem. Univ. Lisboa Revista Fac. Ci. A (2), 13:21–26, 1969/70.

[100] G. N. de Oliveira. Inverse eigenvalue problems for complex matrices. Computing (Arch.

Elektron. Rechnen), 6:339–341, 1970.

[101] G. N. de Oliveira. Note on an inverse characteristic value problem. Numer. Math., 15:345–347, 1970.

[102] G. N. de Oliveira. Matrices with prescribed principal elements and singular values.

Canada Math. Bull., 14:247–249, 1971.

[103] G. N. de Oliveira. Matrix inequalities and the additive inverse eigenvalue problem. Computing (Arch. Elektron. Rechnen), 9:95–100, 1972.

[104] G. N. de Oliveira. On the multiplicative inverse eigenvalue problem. Canadian Math.

Bull., 15:189–173, 1972.

[105] G. N. de Oliveira. Matrices with prescribed entries and eigenvalues, I. Proc. Amer. Math.

Soc., 37(2):380–386, 1973.

[106] G. N. de Oliveira. Matrices with prescribed entries and eigenvalues, II. SIAM J. Appl.

Math., 24:414–417, 1973.

[107] G. N. de Oliveira. Matrices with prescribed entries and eigenvalues, III. Arch. Math.

(Basel), 26:57–59, 1975.

[108] G. N. de Oliveira. Inverse eigenvalue problems for finite matrices. In Proceedings of the First Spanish-Portuguese Mathematical Conference (Madrid, 1973) (Spanish), pages 656–660, Madrid, 1977. Consejo Sup. Inv. Cient.

[109] G. N. de Oliveira. Nonnegative matrices with prescribed spectrum. Linear Algebra Appl., 54:117–121, 1983.

[110] A. S. Deakin and T. M. Luke. On the inverse eigenvalue problem for matrices. J. Phys.

A, 25(3):635–648, 1992.

[111] J. Dehaene. Continuous-time matrix algorithms, systolic algorithms and adaptive neural networks. PhD thesis, Department Elektrotechniek-ESAT, Katholikeke Universiteit, Leuven, 1995.

[112] P. Deift and T. Nanda. On the determination of a tridiagonal matrix from its spectrum and a submatrix. Linear Alg. Appl., 60:43–55, 1984.

[113] P. Delsarte and Y. Genin. Spectral properties of finite Toepliz matrices. In Mathematical Theory of Networks and Systems, pages 194–213. Lecture Notes in Control and Information Sciences Vol. 58. Springer, 1984.

[114] J. W. Demmel. On condition numbers and the distance to the nearest ill-posed problem.

Numer. Math., 51(3):251–289, 1987.

[115] A. P. Dem^′yanchuk. Stability of the solution of an inverse eigenvalue problem for a fourthorder differential equation. In Investigation of some problems of mathematical physics, pages 3–6, 35. Akad. Nauk Ukrain. SSR Inst. Kibernet., Kiev, 1980.

[116] J. A. Dias da Silva. Matrices with prescribed entries and characteristic polynomial. Proc.

Amer. Math. Soc., 45:31–37, 1974.

[117] J. A. Dias da Silva. On the multiplicative inverse eigenvalue problem. Linear Algebra Appl., 78:133–145, 1986.

[118] L. Dieci, R. D. Russel, and E. S. V. Vleck. Unitary integrators and applications to continuous orthonormalization techniques. SIAM J. Numer. Anal., 31:261–281, 1994.

[119] F. Diele and I. Sgura. Isospectral flows and the inverse eigenvalue problem for Toeplitz matrices. J. Comput. Appl. Math., 110(1):25–43, 1999.

[120] A. C. Downing and A. S. Householder. Some inverse characteristic value problems. J.

Assoc. Comput. Mach., 3:203–207, 1956.

[121] W. Z. Du and X. Y. Hu. Some kinds of inverse eigenvalue problems for Jacobian matrices and generalized anti-symmetric tridiagonal matrices. Hunan Ann. Math., 11(1-2):137– 148, 1991.

[122] A. L. Duarte. Construction of acyclic matrices from spectral data. Linear Alg. Appl., 113:173–182, 1989.

[123] R. A. El-Attar. On the solution of the inverse eigenproblem. in Proc. 24th ISCIE Symp.

on SSS and Its Applications, ed. S. Sunahara, Kyoto, pages 235–240, 1992.

[124] R. Erra and B. Philippe. On some structured inverse eigenvalue problems. Numer.

Algorithms, 15(1):15–35, 1997.

[125] D. J. Ewins. Modal Testing: Theory and Practice. Wiley, New York, 1984.

[126] S. Fang. A stability analysis of the solutions of general algebraic inverse eigenvalue problems. Chinese J. Numer. Math. Appl., 14(3):13–26, 1992.

[127] L. Faybusovich. Dynamical systems which solve optimization problems with linear constraints. IMA J. Math. Control Inform., 8:135–149, 1991.

[128] L. Faybusovich. Hamiltonian structure of dynamical systems which solve linear programming problems. Physics D, 53:217–232, 1991.

[129] W. Ferguson. The construction of Jacobi and periodic Jacobi matrices with prescribed spectra. Math. Comput., 35:79–84, 1980.

[130] M. Fiedler. Eigenvalues of nonnegative symmetric matrices. Linear Algebra and Appl., 9:119–142, 1974.

[131] U. Flemming. Inverse Eigenwertprobleme und Multiparametereigenwertprobleme. Wiss.

Z. Tech. Hochsch. Karl-Marx-Stadt, 27(1):18–22, 1985.

[132] L. R. Fletcher. An inverse eigenvalue problem from control theory. In Numerical treatment of inverse problems in differential and integral equations (Heidelberg, 1982), pages 161– 170. Birkhäuser Boston, Mass., 1983.

[133] R. Fletcher. Semi-definite matrix constrains in optimization. SIAM J. Control Optim., 23(4):493–513, 1985.

[134] G. E. Forsythe and E. G. Strauss. On best conditioned matrices. Proc. Amer. Math.

Soc., 6:340–345, 1955.

[135] L. Fox. An inverse eigenvalue problem. Bull. Inst. Math. Appl., 13(6):162–163, 1977.

[136] S. Friedland. Matrices with prescribed off-diagonal elements. Israel J. Math., 11:184–189, 1972.

[137] S. Friedland. On inverse multiplicative eigenvalue problems for matrices. Linear Alg.

Appl., 12:127–137, 1975.

[138] S. Friedland. Inverse eigenvalue problems. Linear Algebra and Appl., 17(1):15–51, 1977.

[139] S. Friedland. On an inverse eigenvalue problem arising in circuit theory. In Proceedings of the First International Conference on Mathematical Modeling (St. Louis, Mo., 1977), Vol. V, pages 1591–1601, Rolla, Mo., 1977. Univ. Missouri-Rolla.

[140] S. Friedland. On an inverse problem for nonnegative and eventually nonnegative matrices.

Israel J. Math., 29:43–60, 1978.

[141] S. Friedland. The reconstruction of a symmetric matrix from the spectra data. J. Math.

Anal. Appl., 71:412–422, 1979.

[142] S. Friedland. Inverse eigenvalue problems for symmetric Toeplitz matrices. SIAM J.

Matrix Anal. Appl., 13(4):1142–1153, 1992.

[143] S. Friedland and A. A. Melkman. On the eigenvalues of nonnegative Jacobi matrices.

Linear Algebra and Appl., 25:239–254, 1979.

[144] S. Friedland, J. Nocedal, and M. L. Overton. Four quadratically convergent methods for solving inverse eigenvalue problems. In Numerical analysis (Dundee, 1985), pages 47–65. Longman Sci. Tech., Harlow, 1986.

[145] S. Friedland, J. Nocedal, and M. L. Overton. The formulation and analysis of numerical methods for inverse eigenvalue problems. SIAM J. Numer. Anal., 24(3):634–667, 1987.

[146] M. I. Friswell and J. E. Motterhead. Finite Element Model Updating in Structural Dynamics. Kluwer Academic Publishers, Dordrecht, 1995.

[147] J. Garloff. An inverse eigenvalue problem for totally nonnegative matrices. Linear and Multilinear Algebra, 17(1):19–23, 1985.

[148] C. W. Gear. Maintaining solution invariants in the numerical solution of ODEs. SIAM J. Sci. Stat. Comput., 7(3):734–743, 1986.

[149] C. W. Gear. Invariants and methods for ODEs. Technical report, NEC Research Institute, 1991.

[150] I. M. Gel^′fand and B. M. Levitan. On the determination of a differential equation from its spectral function. Amer. Math. Soc. Transl. (2), 1:253–304, 1955.

[151] A. George, K. Ikramov, W.-P. Tang, and V. N. Tchugunov. On doubly symmetric tridiagonal forms for complex matrices and tridiagonal inverse eigenvalue problems. SIAM J. Matrix Anal. Appl., 17(3):680–690, 1996.

[152] G. M. L. Gladwell. The inverse problem for the vibrating beam. Proc. R. Soc., A 393:277–295, 1984.

[153] G. M. L. Gladwell. The inverse mode problem for lumped-mass systems. Q. J. Mech.

Appl. Math., 39:297–307, 1986.

[154] G. M. L. Gladwell. Inverse Problems in Vibration. Martinus Nijhoff, Dordrecht, Netherlands, 1986.

[155] G. M. L. Gladwell. Inverse problems in vibration. Appl. Mech. Review, 39:1013–1018, 1986.

[156] G. M. L. Gladwell. The application of Schur’s algorithm to an inverse eigenvalue problem.

Inverse Problems, 7(4):557–565, 1991.

[157] G. M. L. Gladwell. Inverse problems in vibration, II. Appl. Mech. Review, page to appear, 1996.

[158] G. M. L. Gladwell, S. R. A. Dods, and S. K. Chaudhuri. Nonuniform transmission-line synthesis using inverse eigenvalue analysis. IEEE Trans. Circuits and Systems, 35(6):659– 666, 1988.

[159] G. M. L. Gladwell and J. A. Gbadeyan. On the inverse problem of the vibrating string or rod. Q. J. Mech. Appl. Math., 38:169–174, 1985.

[160] G. M. L. Gladwell and N. B. Willms. A discrete Gel^′fand-Levitan method for band-matrix inverse eigenvalue problems. Inverse Problems, 5(2):165–179, 1989.

[161] G. H. Golub. Some modified matrix eigenvalue problems. SIAM Review, 15:318–344, 1973.

[162] G. H. Golub and J. H. Welsch. Calculation of Gauss quadrature rules. Math. Comp. 23 (1969), 221-230; addendum, ibid., 23(106, loose microfiche suppl):A1–A10, 1969.

[163] W. B. Gragg and W. J. Harrod. The numerically stable reconstruction of Jacobi matrices from spectral data. Numer. Math., 44(3):317–335, 1984.

[164] L. J. Gray and D. G. Wilson. Construction of a Jacobi matrix from spectral data. Linear Alg. Appl., 14:131–134, 1976.

[165] A. Greenbaum. Diagonally scalings of the laplacian as preconditioners for other elliptic differential operators. SIAM J. Matrix Anal. Appl., 13:826–846, 1992.

[166] A. Greenbaum and G. H. Rodrigue. Optimal preconditioners of a given sparsity pattern.

BIT, 29:610–634, 1989.

[167] F. A. Grünbaum. An inverse eigenvalue problem for random matrices. SIAM J. Appl.

Math., 35(2):268–273, 1978.

[168] W. Guo. An inverse eigenvalue problem for nonnegative matrices. Linear Algebra Appl., 249:67–78, 1996.

[169] Z. Guo and A. P. Liao. The left and right inverse eigenvalue problems on a linear manifold.

Hunan Daxue Xuebao, 22(6, suppl.):29–32, 1995.

[170] K. P. Hadeler. Ein inverse eigenwertproblem. Linear Alg. Appl., 1:83–101, 1968. [171] K. P. Hadeler. Newton-Verfahren für inverse eigenwertaufgaben. Numer. Math., 12:35– 39, 1968.

[172] K. P. Hadeler. Multiplikative inverse eigenwertprobleme. Linear Alg. Appl., 2:65–86, 1969.

[173] K. P. Hadeler. Existenz und eindeutigkeitssätze für inverse eigenwertaufgaben mit hilfedes topologischen abbilungsgrades. Arch. Rat. Mech. Anal., 42:317–322, 1971.

[174] O. H. Hald. On discrete and numerical inverse Sturm-Liouville problems. PhD thesis, New York University, 1972.

[175] O. H. Hald. Inverse eigenvalue problems for Jacobi matrices. Linear Algebra and Appl., 14(1):63–85, 1976.

[176] O. H. Hald. Discrete inverse Sturm-Liouville problems. I. Uniqueness for symmetric potentials. Numer. Math., 27(2):249–256, 1976/77.

[177] O. H. Hald. Inverse eigenvalue problems for layered media. Comm. Pure Appl. Math., 30(1):69–94, 1977.

[178] O. H. Hald. The inverse Sturm-Liouville problem and the rayleigh-ritz method. Math.

Comput., 32(143):687–705, 1978.

[179] O. H. Hald. The inverse Sturm-Liouville problem with symmetric potentials. Acta Math., 141(3–4):263–291, 1978.

[180] O. H. Hald. Discontinuous inverse eigenvalue problems. Comm. Pure Appl. Math., 37(5):539–577, 1984.

[181] O. H. Hald and J. R. McLaughlin. Solutions of inverse nodal problems. Inverse Problems, 5(3):307–347, 1989.

[182] P. R. Halmos. Finite Dimensional Vector Spaces. Springer-Verlag, New York, second edition, 1974. Reprinting of the 1958 second edition, Undergraduate Texts in Mathematics.

[183] H. Harman. Modern Factor Analysis. University of Chicago Press, Chicago, Illinois, 1967.

[184] A. A. M. Hassan and I. H. Abdel Halim. Some inverse eigenvalue problems for the Laplacian operator. I. J. Inst. Math. Comput. Sci. Math. Ser., 2(1):15–37, 1989.

[185] A. A. M. Hassan and I. H. Abdel Halim. Some inverse eigenvalue problems for the Laplacian operator. II. J. Inst. Math. Comput. Sci. Math. Ser., 2(2):125–146, 1989.

[186] T. L. Hayden, R. Reams, and J. Wells. Methods for constructing distance matrices and the inverse eigenvalue problem. Linear Algebra Appl., 295(1-3):97–112, 1999.

[187] C. Y. He and X. W. Xiong. The depression method for the second kind inverse eigenvalue problem of symmetric tridiagonal matrices. J. Dalian Inst. Tech., 25(Special Issue on Mathematics, suppl.):46–51, 1986.

[188] X. C. He and H. Dai. Sufficient conditions for the solubility of the multiplicative inverse eigenvalue problem. Nanjing Daxue Xuebao Shuxue Bannian Kan, 6(2):1–7, 1989.

[189] M. Hegland and J. T. Marti. Algorithms for the reconstruction of special Jacobi matrices from their eigenvalues. SIAM J. Matrix Anal. Appl., 10(2):219–228, 1989.

[190] U. Helmke and J. B. Moore. Optimization and Dynamical Systems. Springer-Verlag, London, 1994.

[191] D. Hershkowits. Existence of matrices with prescribed eigenvalues and entries. Linear and Multilinear Algebra, 14:315–342, 1983.

[192] D. J. Higham. Time-stepping and preserving orthonormality. BIT, 37:24–36, 1997. [193] H. Hochstadt. On some inverse problems in matrix theory. Arch. Math., 18:201–207, 1967.

[194] H. Hochstadt. The inverse Sturm-Liouville problem. Comm. Pure Appl. Math., 26, 1973. [195] H. Hochstadt. On construction of a Jacobi matrix from spectral data. Linear Alg. Appl., 8:435–446, 1974.

[196] H. Hochstadt. Well posed inverse spectral problems. Proc. Nat. Acad. Sci., 72(7):2496– 2497, 1975.

[197] H. Hochstadt. On the construction of a Jacobi matrix from mixed given data. Linear Alg. Appl., 28:113–115, 1979.

[198] H. Hochstadt and W. Goldberg. An inverse problem for a differential operator with mixed spectrum. J. Math. Anal. Appl., 105(1):206–221, 1985.

[199] H. Hochstadt and M. W. Kim. On a singular inverse eigenvalue problem. Arch. Rational Mech. Anal., 37:243–254, 1970.

[200] H. Hochstadt and B. Lieberman. An inverse Sturm-Liouville problem with mixed given data. SIAM J. Appl. Math., 34(4):676–680, 1978.

[201] B. Hofmann. An improved multi-parameter adjustment algorithm for inverse eigenvalue problems. Z. Anal. Anwendungen, 7(6):511–518, 1988.

[202] R. A. Horn and C. R. Johnson. Matrix Analysis. Cambridge University Press, New York, 1991.

[203] P. Horst. Factor Analysis of Data Matrices. Holt, Rinehart and Winston, New York, 1965.

[204] X. Y. Hu, L. Zhang, and D. X. Xie. The solvability conditions for the inverse eigenvalue problem of bisymmetric matrices. Math. Numer. Sin., 20(4):409–418, 1998.

[205] X. T. Huang and R. Z. Zhang. Mixed-type inverse eigenvalue problems for normal Jacobi matrices. Numer. Math. J. Chinese Univ., 20(2):121–129, 1998.

[206] K. D. Ikramov and V. N. Chugunov. On the Teng inverse eigenvalue problem. Linear Algebra Appl., 208/209:397–399, 1994.

[207] K. D. Ikramov and K. Uil^′yamson. On the Hegland-Marti inverse eigenvalue problem.

Mat. Zametki, 61(1):144–148, 1997.

[208] X. Ji. On matrix inverse eigenvalue problems. Inverse Problems, 14(2):275–285, 1998.

[209] E. X. Jiang. The inverse eigenvalue problem for a special class of matrices. Numer. Math.

J. Chinese Univ., 9(3):198–208, 1987.

[210] M. H. Jiang. The properties of matrices in tridiagonal paw form and their inverse eigenvalue problems. Hunan Ann. Math., 16(2):73–79, 1996.

[211] M. H. Jiang and Z. Guo. The properties of paw form matrices and their inverse eigenvalue problems. Hunan Daxue Xuebao, 24(4):18–23, 1997.

[212] C. R. Johnson, T. J. Laffey, and R. Loewy. The real and the symmetric nonnegative inverse eigenvalue problems are different. Proc. Amer. Math. Soc., 124(12):3647–3651, 1996.

[213] K. T. Joseph. Inverse eigenvalue problem in structural design. AIAA J., 30:2890–2896, 1992.

[214] W. Karczewski. Inverse eigenvalue problem for periodic block Jacobi matrices. Zastos.

Mat., 19(2):279–284, 1987.

[215] F. I. Karpelevič. On the characteristic roots of matrices with nonnegative elements. Izv.

Akad. Nauk SSSR Ser. Mat., 15:361–383 (in Russian), 1951.

[216] J. Kautsky, N. K. Nichols, and P. V. Dooren. Robust pole assignment in linear state feedback. Internat. J. Control, 41(5):1129–1155, 1985.

[217] K. D. Kiramov and V. N. Chugunov. Inverse matrix eigenvalue problems. J. Math. Sci.

(New York), 98(1):51–136, 2000.

[218] P. E. Kloeden and J. Lorenz. A note on multistep methods and attracting sets of dynamical systems. Numer. Math., 56:667–673, 1990.

[219] R. Knobel and J. R. McLaughlin. A reconstruction method for a two-dimensional inverse eigenvalue problem. Z. Angew. Math. Phys., 45(5):794–826, 1994.

[220] A. Kress and D. J. Inman. Eigenstructure assignment using inverse eigenvalue methods.

J. Guidance, Control, Dynamics, 18:625, 1995.

[221] V. N. Kublanovskaja. A certain approach to the solution of the inverse eigenvalue problem. Zap. Naučn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI), 18:138–149, 1970.

[222] F. Kunert. Methods of solving an inverse eigenvalue problem for matrices. Vestnik Moskov. Univ. Ser. XV Vychisl. Mat. Kibernet., (3):33–40, 1978.

[223] F. Laborde. Sur un problème inverse d’un problème de valeurs propros. C. R. Acad. Sci.

Paris. Sér. A-B, 268:A153–A156, 1969.

[224] T. J. Laffey. Realizing matrices in the nonnegative inverse eigenvalue problem. In Matrices and group representations (Coimbra, 1998), pages 21–32. Univ. Coimbra, Coimbra, 1999.

[225] P. Lancaster and J. Maroulas. Inverse eigenvalue problems for damped vibrating systems.

J. Math. Anal. Appl., 123(1):238–261, 1987.

[226] H. J. Landau. The inverse eigenvalue problem for real symmetric Toeplitz matrices. J.

Amer. Math. Soc., 7(3):749–767, 1994.

[227] D. P. Laurie. A numerical approach to the inverse Toepliz eigenproblem. SIAM J. Sci.

Stat. Comput., 8:410–405, 1988.

[228] D. P. Laurie. Solving the inverse eigenvalue problem via the eigenvector matrix. J.

Comput. Appl. Math., 35(1-3):277–289, 1991.

[229] B. M. Levitan. Inverse Sturm-Liouville problems. VSP, Zeist, 1987. Translated from the Russian by O. Efimov.

[230] L. Li. Sufficient conditions for the solvability of an algebraic inverse eigenvalue problem.

Linear Algebra Appl., 221:117–129, 1995.

[231] L. Li. On solvability of inverse eigenvalue problems with Hermitian matrices. Linear Algebra Appl., 253:89–101, 1997.

[232] L. Li. New necessary conditions for multiplicative inverse eigenvalue problem. In Advances in computational mathematics (Guangzhou, 1997), pages 313–319. Dekker, New York, 1999.

[233] L. L. Li. Some sufficient conditions for the solvability of inverse eigenvalue problems.

Linear Algebra Appl., 148:225–236, 1991.

[234] L. L. Li. Sufficient conditions for the solvability of an inverse eigenvalue problem for products of matrices. Acta Sci. Natur. Univ. Sunyatseni, 33(1):19–24, 1994.

[235] N. Li. A matrix inverse eigenvalue problem and its application. Linear Algebra Appl., 266:143–152, 1997.

[236] R. C. Li. Algorithms for inverse eigenvalue problems. J. Comput. Math., 10(2):97–111, 1992.

[237] A. P. Liao. Inverse eigenvalue problems for tridiagonal symmetric positive definite matrices and tridiagonal symmetric M-matrices. Hunan Ann. Math., 14(1):107–115, 1994.

[238] A. P. Liao. A generalization of a class of inverse eigenvalue problems. Hunan Daxue Xuebao, 22(2):7–10, 1995.

[239] A. P. Liao. Some interesting properties of inverse eigenvalue problems. Acta Sci. Natur.

Univ. Norm. Hunan., 22(1):6–8, 1999.

[240] A. P. Liao, N. P. Chen, and X. B. Xiang. A further study on left and right inverse eigenvalue problems for positive subdefinite matrices. Acta Sci. Natur. Univ. Norm. Hunan., 19(2):1–4, 1996.

[241] A. P. Liao and Z. Guo. Left and right inverse eigenvalue problems for a class of positive subdefinite matrices. Acta Sci. Natur. Univ. Norm. Hunan., 18(3):1–5, 21, 1995.

[242] A. P. Liao and Z. Guo. A class of inverse eigenvalue problems for real symmetric semipositive definite matrices on a linear manifold. Math. Numer. Sin., 18(3):279–284, 1996.

[243] M. Link. Theory of a method for identifying incomplete system matrices from vibration test data. Z. Flugwiss. Weltraumforsch., 9:76–88, 1985.

[244] J. S. Liu. The eigenvalue and inverse eigenvalue problems for skew-symmetric tridiagonal matrices. J. Dalian Inst. Tech., 25(Special Issue on Mathematics, suppl.):56–61, 1986.

[245] R. Loewy and D. London. A note on an inverse problems for nonnegative matrices.

Linear and Multilinear Algebra, 6:83–90, 1978.

[246] D. London and H. Minc. Eigenvalues of matrices with prescribed entries. Proc. Amer.

Math. Soc., 34:8–14, 1972.

[247] Y. Ma. Inverse eigenvalue problems for trident type matrices. Xi’an Jiaotong Daxue Xuebao, 27(4):121–122, 126, 1993.

[248] A. W. Marshall and I. Olkin. Inequalities: Theory of Majorization and Its Applications.

Academic Press, New York, 1979.

[249] M. P. Mattis and H. Hochstadt. On the construction of band matrices from spectral data. Linear Alg. Appl., 38:109–119, 1981.

[250] J. J. McDonald and M. Neumann. The Soules approach to the inverse eigenvalue problem for nonnegative symmetric matrices of order n ≤ 5. In Algebra and its applications (Athens, OH, 1999), pages 387–407. Amer. Math. Soc., Providence, RI, 2000.

[251] J. R. McLaughlin. An inverse eigenvalue problem of order four. SIAM J. Math. Anal., 7(5):646–661, 1976.

[252] J. R. McLaughlin. An inverse eigenvalue problem of order four—an infinite case. SIAM J. Math. Anal., 9(3):395–413, 1978.

[253] J. R. McLaughlin. Fourth order inverse eigenvalue problems. In Spectral theory of differential operators (Birmingham, Ala., 1981), pages 327–335. North-Holland, Amsterdam, 1981.

[254] J. R. McLaughlin. Higher order inverse eigenvalue problems. In Ordinary and partial differential equations (Dundee, 1982), pages 503–518. Springer, Berlin, 1982.

[255] J. R. McLaughlin. Bounds for constructed solutions of second and fourth order inverse eigenvalue problems. In Differential equations (Birmingham, Ala., 1983), pages 437–443. North-Holland, Amsterdam, 1984.

[256] J. R. McLaughlin. On uniqueness theorems for second order inverse eigenvalue problems.

J. Math. Anal. Appl., 118(1):38–41, 1986.

[257] J. R. McLaughlin. An inverse eigenvalue problem and an extremal eigenvalue problem.

In Inverse methods in action (Montpellier, 1989), pages 164–171. Springer, Berlin, 1990.

[258] J. R. McLaughlin and O. H. Hald. A formula for finding a potential from nodal lines.

Bull. AMS, New Series, 32:241–247, 1995.

[259] J. R. McLaughlin and G. H. Handelman. Sturm-Liouville inverse eigenvalue problems.

In Mechanics today, Vol. 5, pages 281–295. Pergamon, Oxford, 1980.

[260] J. R. McLaughlin, P. L. Polyakov, and P. E. Sacks. Reconstruction of a spherically symmetric speed of sound. SIAM J. Appl. Math., 54:1203–1223, 1994.

[261] V. Mehrmann and W. Rath. Numerical methods for the computation of analytic singular value decompositions. Elec. J. Numer. Anal., 1:72–88, 1993.

[262] H. Minc. Nonnegative matrices. Wiley, New York, 1988.

[263] L. Mirsky. Matrices with prescribed characteristic roots and diagonal elements. J. London Math. Soc., 33:14–21, 1958.

[264] I. N. Molchanov, A. P. Dem^′yanchuk, and V. I. Tkachenko. Issledovanie i priblizhennoe reshenie obratnoi zadachi na sobstvennye znacheniya dlya obyknovennogo differentsialnogo operatora chetvertogo poryadka. Akad. Nauk Ukrain. SSR Inst. Kibernet., Kiev, 1988.

[265] P. Morel. A propos d’un problème inverse de valeurs propres. C. R. Acad. Soc. Paris, 277:125–129, 1973.

[266] P. Morel. Sur le problème inverse de valeurs propres. Numer. Math., 23:83–94, 1974.

[267] P. Morel. Des algorithmes pour le problèmem inverse des valeurs propres. Linear Alg.

Appl., 13:251–273, 1976.

[268] J. E. Motershead and M. I. Friswell. Special issure of mechanical system and signal processing. In Inverse Problem on Structural Dynamics (Liverpool, 1999), pages 1–1. Academic Press, Berlin, 2001.

[269] M. Müller. An inverse eigenvalue problem: computing B-stable Runge-Kutta methods having real poles. BIT, 32(4):676–688, 1992.

[270] J. Nocedal and M. L. Overton. Numerical methods for solving inverse eigenvalue problems. In Numerical methods (Caracas, 1982), pages 212–226. Springer, Berlin, 1983.

[271] P. Nylen. Inverse eigenvalue problem: existence of special mass-damper-spring systems.

Linear Algebra Appl., 297(1-3):107–132, 1999.

[272] P. Nylen and F. Uhlig. Inverse eigenvalue problem: existence of special spring-mass systems. Inverse Problems, 13(4):1071–1081, 1997.

[273] P. Nylen and F. Uhlig. Inverse eigenvalue problems associated with spring-mass systems. In Proceedings of the Fifth Conference of the International Linear Algebra Society (Atlanta, GA, 1995), volume 254, pages 409–425, 1997.

[274] M. R. Osborne. On the inverse eigenvalue problem for matrices and related problems for difference and differential equations. In Conference on Applications of Numerical Analysis (Univ. Dundee, Dundee, 1971), pages 155–168. Lecture Notes in Math., Vol. 228. Springer, Berlin, 1971.

[275] J. Paine. A numerical method for the inverse Sturm-Liouville problem. SIAM J. Sci.

Stat. Comput., 5:149–156, 1984.

[276] R. L. Parker and K. A. Whaler. Numerical methods for establishing solutions to the inverse problem of electromagnetic induction. J. Geophys. Research, 86:9574–9584, 1981.

[277] B. N. Parlett. The symmetric eigenvalue problem. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1998. Corrected reprint of the 1980 original.

[278] H. Perfect. Methods of constructing certain stochastic matrices. Duke Math. J., 20:395– 404, 1953.

[279] H. Perfect. Methods of constructing certain stochastic matrices. II. Duke Math. J., 22:305–311, 1955.

[280] J. D. Pryce. Numerical Solution of Sturm-Liouville Problems. Oxford University Press, New York, 1993.

[281] R. G. B. R. D. Hill and S. R. Waters. On centrohermitian matrices. SIAM J. Matrix Anal. Appl., 11:128–133, 1990.

[282] N. Radwan. An inverse eigenvalue problem for symmetric and normal matrices. Linear Algebra Appl., 248:101–109, 1996.

[283] Y. Ram and G. M. L. Gladwell. Constructing a finite element model of a vibratory rod from eigendata. J. of Sound and Vibration, 169:229–237, 1994.

[284] Y. M. Ram. Inverse eigenvalue problem for a modified vibrating system. SIAM J. Appl.

Math., 53(6):1762–1775, 1993.

[285] Y. M. Ram. Pole-zero assignment of vibratory system by state feedback control. Technical report, University of Adelaide, 1995.

[286] Y. M. Ram, J. J. Blech, and S. G. Braun. Eigenproblem error bounds with application to symmetric dynamic system modification. SIAM J. Matrix Anal. Appl., 11(4):553–564, 1990.

[287] Y. M. Ram and J. Caldwell. Physical parameters reconstruction of a free-free mass-spring system from its spectra. SIAM J. Appl. Math., 52(1):140–152, 1992.

[288] Y. M. Ram and S. Elhay. The construction of band symmetric models for vibratory systems from modal analysis data. J. of Sound and Vibration, 181:583–594, 1995.

[289] Y. M. Ram and S. Elhay. An inverse eigenvalue problem for the symmetric tridiagonal quadratic pencil with application to damped oscillatory systems. SIAM J. Appl. Math., 56(1):232–244, 1996.

[290] Y. M. Ram and S. Elhay. An inverse eigenvalue problem for the symmetric positive linear pencil with applications to vibrating systems. In Computational techniques and applications: CTAC97 (Adelaide), pages 561–568. World Sci. Publishing, River Edge, NJ, 1998.

[291] R. Reams. An inequality for nonnegative matrices and the inverse eigenvalue problem.

Linear and Multilinear Algebra, 41(4):367–375, 1996.

[292] M. Renardy and R. C. Rogers. An Introduction to Partial Differential Equations.

Springer-Verlag, New York, 1993.

[293] W. Rheinboldt. On the computation of multi-dimensional solution manifolds of parametrized equations. Numer. Math., 53:165–181, 1988.

[294] Ó. Rojo and R. Soto. Conditions for an additive inverse eigenvalue problem. Proyecciones, 8/9(16):1–15, 1989/90.

[295] Ó. Rojo and R. Soto. New conditions for the additive inverse eigenvalue problem for matrices. Comput. Math. Appl., 23(11):41–46, 1992.

[296] O. L. Rojo and R. L. Soto. On the solution of a multiplicative inverse eigenvalue problem.

Proyecciones, 15(2):179–186, 1996.

[297] J. Rosenthal and X. A. Wang. Inverse eigenvalue problems for multivariable linear systems. In Systems and Control in the Twenty-first Century (St. Louis, MO, 1996), pages 289–311. Birkhäuser Boston, Boston, MA, 1997.

[298] J. Sanchez-Dehesa. Direct and inverse eigenvalue problems of Jacobi matrices in physics and biology. In Proceedings of the First World Conference on Mathematics at the Service of Man (Barcelona, 1977), Vol. I, pages 73–81. Univ. Politec. Barcelona, 1980.

[299] J. M. Sanz-Serna. Runge-kutta schemes for Hamiltonian systems. BIT, 28(4):877–883, 1988.

[300] J. M. Sanz-Serna and M. P. Calvo. Numerical Hamiltonian Problems. Chapman and Hall, London, 1994.

[301] S. Sarman. Bemerkugen zu inversen eigenwertprobleme. Computing, 4:207–215, 1969.

[302] V. Scholtyssek. Solving inverse eigenvalue problems by a projected Newton method.

Calcolo, 32(1-2):17–38 (1996), 1995.

[303] V. Scholtyssek. The projected Newton method for solving inverse eigenvalue problems— the case of multiple eigenvalues. Numer. Funct. Anal. Optim., 17(9-10):945–962, 1996.

[304] V. Scholtyssek. Solving inverse eigenvalue problems by a projected Newton method.

Numer. Funct. Anal. Optim., 17(9-10):925–944, 1996.

[305] T. I. Seidman. An inverse eigenvalue problem with rotational symmetry. Inverse Problems, 4(4):1093–1115, 1988.

[306] A. Sengupta and K. Ganguly. Inverse eigenvalue problem for a finite multiplying slab.

J. Phys. A, 13(7):2341–2352, 1980.

[307] M. A. Shalaby. On the real symmetric inverse eigenvalue problem. J. Comput. Appl.

Math., 56(3):331–340, 1994.

[308] M. A. Shalaby. A regional inverse eigenvalue problem: solution with application in control theory. IMA J. Math. Control Inform., 11(1):35–41, 1994.

[309] L. F. Shampine and M. W. Reichelt. The MATLAB ODE suite. SIAM J. Sci. Comput., 18(1):1–22, 1997.

[310] A. Shapiro. On the unsolvability of inverse eigenvalues problems almost everywhere.

Linear Algebra Appl., 49:27–31, 1983.

[311] C.-L. Shen and C.-T. Shieh. Two inverse eigenvalue problems for vectorial Sturm- Liouville equations. Inverse Problems, 14(5):1331–1343, 1998.

[312] F. C. Silva. Matrices with prescribed characteristic polynomial and submatrices. Portugal. Math., 44:261–264, 1987.

[313] F. C. Silva. Matrices with prescribed eigenvalues and principal submatrices. Linear Alg.

Appl., 92:241–250, 1987.

[314] F. C. Silva. An additive inverse characteristic polynomial theorem. Portugal. Math., 47:403–409, 1990.

[315] B. D. Sleeman and E. M. E. Zayed. An inverse eigenvalue problem for a general convex domain. J. Math. Anal. Appl., 94(1):78–95, 1983.

[316] S. T. Smith. Geometric Optimization Methods for Adaptive Filtering. PhD thesis, Harvard University, 1993.

[317] R. L. Soto. On an inverse eigenvalue problem for Jacobi matrices. Notas Soc. Mat. Chile, 8(1):55–66, 1989.

[318] G. W. Soules. Constructing symmetric nonnegative matrices. Linear and Multilinear Algebra, 13:241–251, 1983.

[319] E. Stadler. Die Lösung eines inversen Eigenwertproblems mit der Regularisierungsmethode. Wiss. Z. Tech. Hochsch. Karl-Marx-Stadt, 26(2):299–305, 1984.

[320] L. Starek and D. J. Inman. A symmetric inverse vibration problem for nonproportional underdamped systems. Trans. ASME J. Appl. Mech., 64(3):601–605, 1997.

[321] L. Starek and D. J. Inman. Symmetric inverse eigenvalue vibration problem and its applications. Mechanical Systems and Signal Processing, 15(1):11–29, 2001.

[322] G. W. Stewart and J. Sun. Matrix Perturbation Theory. Academic Press, Boston, 1990. [323] H. R. Suleĭmanova. Stochastic matrices with real characteristic numbers. Doklady Akad.

Nauk SSSR (N.S.), 66:343–345, 1949.

[324] J. Sun. Eigenvalues and eigenvectors of a matrix dependent on several parameters. J.

Comput. Math., 3:351–364, 1985.

[325] J. G. Sun. The stability analysis of the solutions of inverse eigenvalue problems. J.

Comput. Math., 4(4):345–353, 1986.

[326] J. G. Sun. The unsolvability of multiplicative inverse eigenvalue problems almost everywhere. J. Comput. Math., 4(3):227–244, 1986.

[327] J. G. Sun. Least-squares solutions of a class of inverse eigenvalue problems. Math. Numer.

Sinica, 9(2):206–216, 1987.

[328] J. G. Sun. On the sufficient conditions for the solvability of algebraic inverse eigenvalue problems. Math. Numer. Sinica, 9(1):49–59, 1987.

[329] J. G. Sun. Two kinds of inverse eigenvalue problems for real symmetric matrices. Math.

Numer. Sinica, 10(3):282–290, 1988.

[330] J. G. Sun. Perturbation analysis of the pole assignment problem. SIAM J. Matrix Anal.

Appl., 17(2):313–331, 1996.

[331] J. G. Sun. Backward errors for the inverse eigenvalue problem. Numer. Math., 82(2):339– 349, 1999.

[332] J. G. S. Sun and Y. Q. The unsolvability of inverse algebraic eigenvalue problems almost everywhere. J. Comput. Math., 4(3):212–226, 1986.

[333] S. E. Sussman-Fort. Inductor-capacitor one-ports and inverse eigenvalue problems. IEEE Trans. Circuits and Systems, 28(8):850–853, 1981.

[334] D. G. Teng. Inverse eigenvalue problem for some special matrices. Linear Algebra Appl., 139:63–65, 1990.

[335] F. Tisseur and K. Meerbergen. The quadratic eigenvalue problem. SIAM Review, to appear, 2001. See also http://www.ma.man.ac.uk/~ftisseur.

[336] J. F. Traub. Iterative Methods for the Solution of Equations. Prentice-Hall, Englewood Cliffs, N.J., 1964.

[337] W. F. Trench. Numerical solution of the inverse eigenvalue problem for real symmetric Toeplitz matrices. SIAM J. Sci. Comput., 18(6):1722–1736, 1997.

[338] P. Van Dooren. Deadbeat control: a special inverse eigenvalue problem. BIT, 24(4):681– 699, 1984.

[339] K. Veselić. On linear vibrational systems with one dimensional damping. Applicable Anal., 29:1–18, 1988.

[340] K. Veselić. On linear vibrational system with one dimensional damping, II. Integ. Equa.

Oper. Theory, 13:883–897, 1990.

[341] J. Y. Wang and B. S. Garbow. A numerical method for solving inverse real symmetric eigenvalue problem. SIAM J. Sci. Stat. Comput., 4:45–51, 1983.

[342] S. J. Wang and S. Y. Chu. An algebraic approach to the inverse eigenvalue problem for a quantum system with a dynamical group. J. Phys. A, 27(16):5655–5671, 1994.

[343] X. Wang. Geometric inverse eigenvalue problem. In Computation and control (Bozeman, MT, 1988), pages 375–383. Birkhäuser Boston, Boston, MA, 1989.

[344] W. Wilhelmi. Eig algorithmus zur losung eines inversen eigenwertproblems. Z. Angew.

Math. Mech., 54:53–55, 1974.

[345] K. Wright. Different ial equations for the analytic singular value decomposition of a matrix. Numer. Math., 3(2):283–295, 1992.

[346] Q. Wu. Determination of the size of an object and its location in a cavity by eigenfrequency shifts. PhD thesis, University of Sydney, 1990.

[347] Q. Wu. An inverse eigenvalue problem of symmetric multilayered media. Applied Acoust., 45:61–80, 1995.

[348] Y. S. Xia. A homotopy method for solving generalized inverse eigenvalue problems. Math.

Numer. Sinica, 15(3):310–317, 1993.

[349] Y. S. Xia. The sufficient conditions for solvability of algebraic inverse eigenvalue problems.

Numer. Math. J. Chinese Univ. (English Ser.), 4(1):1–9, 1995.

[350] Y. S. Xia and J. S. Wang. The homotopy method for solving algebraic inverse eigenvalue problems. Nanjing Daxue Xuebao Shuxue Bannian Kan, 11(2):117–125, 1994.

[351] Y. S. Xia and J. S. Wang. The notes about the sufficient conditions for the solubility of algebraic inverse eigenvalue problems. Nanjing Daxue Xuebao Shuxue Bannian Kan, 11(1):73–79, 1994.

[352] D. X. Xie. Inverse eigenvalue problems on a linear manifold. Numer. Math. J. Chinese Univ., 15(4):374–380, 1993.

[353] H. Y. Xu. An inverse eigenvalue problem for completely symmetric Jacobi matrices.

Nanjing Daxue Xuebao Shuxue Bannian Kan, 15(2):281–289, 1998.

[354] S. F. Xu. On the necessary conditions for the solubility of algebraic inverse eigenvalue problems. J. Comput. Math., 10(1):93–97, 1992.

[355] S. F. Xu. On the sufficient conditions for the solubility of algebraic inverse eigenvalue problems. J. Comput. Math., 10(2):171–180, 1992.

[356] S. F. Xu. A homotopy algorithm for solving the inverse eigenvalue problem for complex symmetric matrices. J. Comput. Math., 11(1):7–19, 1993.

[357] S. F. Xu. A stability analysis of the Jacobi matrix inverse eigenvalue problem. BIT, 33(4):695–702, 1993.

[358] S.-F. Xu. On the Jacobi matrix inverse eigenvalue problem with mixed given data. SIAM J. Matrix Anal. Appl., 17(3):632–639, 1996.

[359] S. F. Xu. A smallest singular value method for solving inverse eigenvalue problems. J.

Comput. Math., 14(1):23–31, 1996.

[360] S. F. Xu. An Introduction to Inverse Algebraic Eigenvalue Problems. Peking University Press, and Friedr. Vieweg & Sohn Verlagsgesellschaft mbH, Braunschweig/Wiesbden, Beijing, 1998.

[361] Y. F. Xu. The inverse eigenvalue problem for a class of special matrices. Math. Appl., 6(1):68–75, 1993.

[362] M. Yamamoto. Inverse eigenvalue problem for a vibration of a string with viscous drag.

J. Math. Anal. Appl., 152(1):20–34, 1990.

[363] X. Y. Yang. A note on least-square solutions of inverse eigenvalue problems. Numer.

Math. J. Chinese Univ., 14(2):188–190, 1992.

[364] Q. Ye. A class of iterative algorithms for solving inverse eigenvalue problems. Math.

Numer. Sinica, 9(2):144–153, 1987.

[365] Q. Ye. The unsolvability almost everywhere of inverse eigenvalue problems for Hermitian matrices. Math. Numer. Sinica, 9(3):225–232, 1987.

[366] Z. Y. Yi. A recurrence method for inverse eigenvalue problems of companion matrices.

Hunan Jiaoyu Xueyuan Xuebao (Ziran Kexue), 15(2):40–43, 1997.

[367] L. Yi-shen. On an inverse eigenvalue problem for a second-order differential equation with boundary dependence on the parameter. Chinese Math.—Acta, 6:375–381, 1965.

[368] Q. X. Yin. A quasi-Lanczos method for inverse eigenvalue problems of real symmetric band matrices. Numer. Math. J. Chinese Univ., 11(1):65–73, 1989.

[369] I. Zaballa. Existence of matrices with prescribed entries. Linear Algebra Appl., 73:227– 280, 1986.

[370] A. Zanna. The method of iterated commutators for ordinary differential equations on Lie groups. Technical Report DAMTP Tech. Rep. 1996/NA12, University of Cambridge, 1996.

[371] E. M. E. Zayed. An inverse eigenvalue problem for the Laplace operator. In Ordinary and partial differential equations (Dundee, 1982), pages 718–726. Springer, Berlin, 1982.

[372] E. M. E. Zayed. A note on the inverse eigenvalue problem for a general convex domain.

Proc. Math. Phys. Soc. Egypt, (58):49–54 (1986), 1984.

[373] E. M. E. Zayed. An inverse eigenvalue problem for a general convex domain: an extension to higher dimensions. J. Math. Anal. Appl., 112(2):455–470, 1985.

[374] E. M. E. Zayed. The wave equation approach to the Sturm-Liouville inverse eigenvalue problem. Proc. Math. Phys. Soc. Egypt, (60):65–73 (1987), 1985.

[375] E. M. E. Zayed. A new approach to the theory of inverse eigenvalue problem. Proc.

Math. Phys. Soc. Egypt, (61):123–132 (1991), 1986.

[376] E. M. E. Zayed. An inverse eigenvalue problem for an arbitrary multiply connected bounded region in r^2. Internat. J. Math. Math. Sci., 14(3):571–579, 1991.

[377] E. M. E. Zayed. An inverse eigenvalue problem for an arbitrary, multiply connected, bounded domain in r^3 with impedance boundary conditions. SIAM J. Appl. Math., 52(3):725–729, 1992.

[378] E. M. E. Zayed. An inverse eigenvalue problem for an arbitrary multiply connected bounded region: an extension to higher dimensions. Internat. J. Math. Math. Sci., 16(3):485–492, 1993.

[379] H. Zha and Z. Zhang. A note on constructing a symmetric matrix with specified diagonal entries and eigenvalues. BIT, 35:448–452, 1995.

[380] L. Zhang. A class of inverse eigenvalue problems for symmetric matrices. Numer. Math.

J. Chinese Univ., 12(1):65–72, 1990.

[381] L. Zhang. A class of inverse eigenvalue problems for symmetric, nonnegative definite matrices. Hunan Jiaoyu Xueyuan Xuebao (Ziran Kexue), 13(2):11–17, 21, 1995.

[382] L. Zhang and D. X. Xie. Inverse eigenvalue problems with left and right eigenvectors and constraints on eigenvalues. Hunan Ann. Math., 11(1-2):15–19, 1991.

[383] L. Zhang and D. X. Xie. A class of inverse eigenvalue problems. Acta Math. Sci. (Chinese), 13(1):94–99, 1993.

[384] L. Zhang, D. X. Xie, and X. Y. Hu. The inverse eigenvalue problems of bisymmetric matrices on the linear manifolds. Math. Numer. Sin., 22(2):129–138, 2000.

[385] Y. H. Zhang. The solubility of additive and multiplicative inverse eigenvalue problems.

Math. Numer. Sinica, 15(4):489–494, 1993.

[386] Y. H. Zhang. A note on the sufficient conditions for the solvability of general algebraic inverse eigenvalue problems. Shandong Daxue Xuebao Ziran Kexue Ban, 34(2):139–143, 1999.

[387] Y. H. Zhang and C. Y. Li. On the sufficient conditions for the solvability of the multiplicative inverse eigenvalue problem. Math. Numer. Sin., 19(4):337–344, 1997.

[388] Y. H. Zhang and B. R. Zhu. Sufficient conditions for the solvability of general algebraic inverse eigenvalue problems. Math. Numer. Sinica, 18(1):96–102, 1996.

[389] Z. Y. Zhang. An inverse eigenvalue problem for periodic Jacobi matrices. Numer. Math.

J. Chinese Univ., 13(3):273–282, 1991.

[390] L. A. Zhornitskaya and V. S. Serov. Inverse eigenvalue problems for a singular Sturm- Liouville operator on [0, 1]. Inverse Problems, 10(4):975–987, 1994.

[391] S. Zhou and H. Dai. Daishu Tezhengzhi Fanwenti (in Chinese), The Algebraic Inverse Eigenvalue Problem. Henan Science and Technology Press, Zhengzhou, China, 1991.

[392] B. R. Zhu. The perturbation method for inverse eigenvalue problems. In Proceedings of the 1984 Beijing symposium on differential geometry and differential equations, pages 370–373, Beijing, 1985. Science Press.

[393] B. R. Zhu. The perturbation method for inverse eigenvalue problems. Acta Math. Appl.

Sinica, 10(1):106–113, 1987.

[394] B. R. Zhu, K. R. Jackson, and R. P. K. Chan. Inverse spectrum problems for block Jacobi matrix. J. Comput. Math., 11:313–322, 1993.

[395] B. R. Zhu, M. Y. Jin, and S. L. Zhang. Iterative methods for inverse eigenvalue problems.

Math. Numer. Sinica, 8(3):314–320, 1986.