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Abstract. A geometric perspective on the gentlest ascent dynamics is presented, revealing that
the dynamics is utilizing the Householder reflector—constructed via the continuous power method—
to adapt the negative gradient and identify index-1 saddle points. While the adaptation appears
intuitive, it is governed by a precise criterion. Building on this geometric insight, three generalized
dynamical systems are introduced for locating high-index saddle points, each centered on estimating
directions for constructing generalized reflectors. The first approach employs the Oja flow to evolve
eigenspaces, encompassing the continuous power method as a special case. The second approach
formulates a matrix Riccati differential equation for the projector operator on the Grassmann man-
ifold, which is shown to be equivalent to a double bracket flow with inherent sorting properties.
The third approach is a hybrid method based on conventional subspace iteration, incorporating QR
factorization for normalization. The equilibrium points of all three systems are classified, and con-
vergence analyses are provided. These dynamical systems are readily solvable by using high-precision
numerical ODE integrators. Numerical experiments confirm the theoretical results.
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1. Introduction. The notion of saddle points is ubiquitous. The most funda-
mental definition in calculus about a saddle point of a smooth function is that it is
a stationary point, but is not a local extremum. The significance of saddle points,
however, extends well beyond this basic definition. In two-player zero-sum games
over continuous spaces, for instance, a saddle point represents an equilibrium: each
player adopts a strategy that simultaneously minimizes their maximum possible loss
and maximizes their minimum possible gain. In convex optimization with inequality
constraints, the classical saddle point theorem reveals a deep connection between the
saddle points of the Lagrangian and solutions to the primal problem [7, 35], underpin-
ning many modern optimization methods. In the setting of a complex system, some
rare yet significant events of transmutations can occur between the otherwise long-
lived metastable states due to the reaction dynamics. Metastability, in this context,
is not simply the indefinite persistence of a state, but also is characterized by a subtle,
almost hidden instability that permits eventual escape. An application exemplifying
this delicate balance is the reaction-diffusion equation with a double-well potential, a
model that arises in quantum mechanics, chemistry, and physics, where solutions may
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linger near unstable equilibria for extended periods before eventually transitioning,
highlighting the intricate interplay between reaction and diffusion. Understanding
these transition events, including their locations in the configuration space and fre-
quencies of these incidents, provides critical information in important applications
such as phase transitions in nucleation, conformational changes in macromolecules,
and transition states in chemical reactions [20]. Beyond these practical implications,
saddle points can be viewed as intermediate states of specific dynamical flows that
separate distinct phases or behaviors, highlighting their critical role in theoretical and
applied contexts [4]. As a result, computing a saddle point is essential for many impor-
tant applications. Various approaches and some sophisticated numerical techniques
have been developed. See [4, 9, 11, 15, 16, 38, 42, 44], to mention a few.

One plausible idea for finding the saddle point is to search by a smooth evolution
[21]. Given an energy function f:R™ — R, an elegant formulation first introduced in
[17] is the so-called gentlest ascent dynamics (GAD), which orchestrates the evolution
of both a position vector x and a direction vector v through the coupled system:

) k= V() + 2V (), V).

' v=-V2f(x)v+ (v, Vif(x)v)v, [v(0)|=1,

where V and V2 stand for the gradient and the Hessian operators, respectively. The
GAD is claimed to be capable of escaping a basin of attraction (of the gradient of f).
It has been shown that if the flow ever converges, then the limit point (x*,v*) of (1.1)
must be such that x* is an index-1 saddle point of f and v* points to the unstable
(ascent) direction at this saddle point, respectively [17, p. 1833]. This interesting
dynamical system has inspired additional research efforts on multiple fronts, including
its discrete analogues [6, 18], generalization to constrained manifolds [31] or adaptive
point-clouds [3], and generalization to higher-index problems [32, 40, 51, 52].

The main contribution of this paper is to shed new insight on the working mech-
anism behind (1.1), allowing us to make the connection to several existing flows, e.g.,
the Oja flow [37, 50] and the double bracket flow [8, 13, 14], which were designed
originally for other purposes. One important consequence of this understanding is a
natural generalization of (1.1) to dynamical systems effective for high-index problems.
Another consequence of this connection is that the proof of convergence follows from
what we have already known about these existing flows.

This paper is organized as follows. We begin in section 2 with a careful interpre-
tation of the geometry involved in (1.1). We identify the criterion that determines
whether the objective value increases or decreases. We generalize this notion to higher-
index problems in section 3 by tracking certain subspaces in the Grassmann manifold.
One approach is to convert the Oja flow to our advantage, where we track the or-
thonormal basis for a subspace flow. We argue that it is a natural generalization
of the continuous power method. Another equivalent but more convenient approach
is to track the corresponding orthogonal projector, which leads to a matrix Riccati
differential equation. We further convert it to a double bracket equation which en-
joys a sorting property, whence the stability analysis is known. As far as eigenspace
calculation is concerned, perhaps the most straightforward way is the conventional
subspace iteration with QR normalization. This approach leads to a hybrid method.
The convergence analysis is presented in section 4, where we first classify all possible
equilibrium points for each dynamical system, and then we establish the theory of sta-
bility with different properties. In section 5, we turn our attention to the numerical
resolution of the differential systems. After briefly surveying several representative
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discrete schemes for GAD, we focus on the use of high-precision numerical integrators.
This approach enables us to clearly reveal the distinctive dynamical features inherent
to the underlying differential systems through a series of carefully designed numerical
experiments.

2. Basic mechanism. It is important to understand the workings behind (1.1)
so that we can generalize it properly to the higher-index case.! The motivation has
been mentioned as “intuitive” in [17], but we elaborate the ideas further as follows.

For a fixed x, the vector field for v in (1.1) is precisely the negative projected
gradient of the Rayleigh quotient

(2.1) p(vix):= (v, V2f(x)v), ves !

onto the unit sphere S"~! C R™. Therefore, the solution flow v(t) stays on S"~1 if
v(0) € "~ ! and its instantaneous motion points to the direction along which p(v;x)
is decreasing. With this fixed x, it can be verified that v(¢) has a closed-form solution

e—sz(x)tvO

The projected gradient flow for v(¢) has thus been known as the continuous power
method in [12]. Tt follows that v(¢) will converge to the unit eigenvector of V2 f(x)
associated with its leftmost eigenvalue. For a saddle point x* of index 1, V2 f(x*) has
exactly one negative eigenvalue. The associated eigenvector v* is referred to as the
unstable direction. By continuity, we know that if x(¢) is near x*, then v(¢) should
move to approximately align with the unstable direction v*. When this happens, we
can conceptualize our position x(t) as being on the “concave-down” side of the surface
defined by G:={(x,2) e R" x R|z = f(x)}. Thus, it is natural to require that f(x(t))
should be increasing when x(¢) climbing up to x* along this direction. To fulfill this
requirement, we vary x(t) according to the first differential equation in (1.1), which
itself has a remarkable functionality that we elucidate below.

The vector field for x in (1.1) is actually the Householder reflector W, : R™ — R”™,

(2.3) Wy =1, —2vv',

applied to the vector —V f(x). Recall that W, is an orthogonal transformation with
the action that Wiz of any z € R” is simply the mirror image of z with respect to
the hyperplane normal to the unit vector v. When v(t) is gradually aligned with
the unstable direction v*, we want x(¢) to move toward a direction to increase the
objective value f(x). In theory, we could use the gradient direction for the steepest
ascent, but that would disengage the information of v from affecting the movement
of x(t) continuously. The vector field in (1.1) has the effect of turning —V f(x) by an
angle through the Householder reflector with the hope that x points to a direction of
ascent, but this can happen if and only if

(2.4) (=VI(x) +2(Vf(x),v)v,Vf(x))>0.
We quickly deduce that (2.4) holds if and only if the angle between V f(x) and v or

—v is less than F. If the angle is larger than 7, we may think that V f(x) is about

1The Morse index of a critical point refers to the number of negative eigenvalues of the Hessian at
that point. Therefore, a local minimum is of index 0 (all eigenvalues positive), and a local maximum
is of index n (all eigenvalues negative). A critical point with index k in between is called an index-k
saddle point [34, 52].
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FiG. 1. Basic mechanism in the GAD.

orthogonal to v, but by construction we know that v(¢) is more or less aligned with
the unstable direction. This suggests that the position x might be on the “concave-
up” side of the surface G. In that case, it is natural to require that f(x) decrease. In
short, this critical angle 7 is used as the threshold to decide whether the flow should
ascend or descend. In either decision, the Householder reflection applied to —V f(x)
as proposed in (1.1) is providing the desired mechanism automatically. We depict the
mechanism in Figure 1.

We do need to point out that the abovementioned reasoning is only intuitively
true. Its success lies in the fact that the location x(¢) and the vector v(¢) must work

in tandem, which depends on the initial values. To illustrate our point, consider
the simple problem f(z1,7) = 2% — 3. Its Hessian V2 f(x) = [ 3 _(2) ] is totally
independent of x. The vector v(t) stays on the unit circle S, evolves by its own
dynamics, and is not influenced by x(t). If we write v(t) = [cos0(t),sin6(¢)] ", then it

is easy to see that

6 = 2sin 26,

which manifests how v(t) rotates on S!. Specifically, starting from any point on the
upper semicircle the flow v(t) moves toward the equilibrium [0,1] ", whereas starting
from points on the lower semicircle v(t) converges to [0, —1]T. Both of these equilib-
rium points are the unstable directions of V2 f(x) for any x. Consider the scenario
that xo =[1,3]", so =V f(x0) =[-2,1]T. At this position f(x0) > 0, so we would like
to see x(t) to move toward the origin to decrease the objective value. However, if vq
is chosen such that it points to the angle 6 € (arctan(5t) — T, arctan(5t) + Z), then
f(x(t)) actually increases initially until eventually the rotation of v(t) causes x(¢) to
turn around and move toward the origin.

3. Generalization to high-index saddle points. The GAD is but one of
many numerical algorithms proposed for computing index-1 saddle point problems
which arise in many practical problems. While most existing algorithms for solving
index-1 saddle point problems have been well designed and studied, the development
of effective methods for computing high-index saddle points has been slow despite the
importance of high-index problems. This difficulty is partly because of the need to
estimate the high-index k£ in advance, and partly the need to determine the descent
(unstable) directions. The method HiOSD proposed in [51], for example, estimates the
k unstable eigenvectors by minimizing k& Rayleigh quotients simultaneously subject
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to the min-max principle imposed by the Courant—Fischer theorem. By means of the
method of Lagrangian multiplier, the GAD has been generalized to the dynamical
system

(3.1)

k
x=-Vf(x)+ ZZ<Vf(X),Vz'>Vi,

Vvi=-V2f(x)v; + (vi, V2f(x)vi>vi + 22<vj, VQf(X)Vi>Vj, i1=1,....,k.

Jj=1

In theory, the orthonormal condition (v;,v;) = d;; is maintained in (3.1). In practice,
however, it is difficult to meet this constraint. It is very likely that the orthogonality
will be lost due to the propagation of integration errors. Instead of approximating
the k£ unstable eigenvectors individually, perhaps it suffices to approximate the k-
dimensional unstable subspace, which is the purpose of this paper. To achieve this
goal, we outline three interesting approaches together with links to some other flows
in the literature in this section. For quick reference, the ultimate schemes are given in
(4.1), (4.2), and (4.3), followed by the analysis of their equilibrium points and limiting
behaviors, respectively.

3.1. Continuous-time subspace flow. The first approach is the notion of
continuous-time subspace flow. Let span(Y) C R™ denote the columns space of the
matrix Y € R"**. The basic idea of subspace flow is to require that if Y;(¢) and Ya(¢)
are solutions of the same matrix differential equation with span(Y;(0)) = span(Y2(0)),
then span(Y7(t)) = span(Y3(t)) for all ¢ in the interval of existence. See [1] for some
general discourse on this subject.

Of particular interest is the Oja flow defined by the differential equation

(3.2) X=(I,-XX")CX, X(0)=Xo,

where X (t) € R™** and C is a fixed matrix in R"*" [37, 50]. Some important
properties of the solution flow X (¢) are summarized as follows. Proofs and more
detailed discussions can be found in [50].

THEOREM 3.1. Suppose that the matriz C in (3.2) is symmetric and positive
definite with k dominant eigenvalues. Let columns of the matriz T represent the
corresponding dominant eigenvectors.”

1. The solution to the initial value problem (3.2) is given by

(3.3) X(t) =%t Xo (I — X Xo+ Xg 271 X)) 2.

2. The solution X (t) converges exponentially to an equilibrium of (3.2) ast — co.
3. The subspace span(X (t)) converges to span(Y) if and only if

(3.4) rank(X, T)=k.

Therefore, span(X (t)) converges to the k-dimensional dominant subspace of
C for almost all initial values Xy.

2By a k-dimensional eigenspace, we mean the linear subspace spanned by k linearly independent
eigenvectors. Here, because of the special choice of T, the subspace span(Y) is referred to as the
k-dimension dominant eigenspace of C.
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4. If X is of full column rank, let o :=min{1, o}, where o), denote the smallest
nonzero singular value of Xo. Then

(35) = XOTX@)|r < I — XJ Xo|| e 26 Amin (@ for all ¢ > 0.

In particular, lim;_, o X (t) T X (t) = I,.
5. If Xy Xo= Iy, then X(t)" X(t) = I for all t > 0.
6. If R(X) :=trace(X "CX), then R(X(t)) is strictly increasing.

For our application, suppose that the saddle point x* is known a priori to be of
index k. Then with c sufficiently large, e.g., ¢ = c(x) > Apmaz (V2 f(x)), the matrix

(3.6) C=C(x):=cl, — V*f(x)

is symmetric and positive definite in a neighborhood of x*. Obviously, the original &
negative eigenvalues of V2f(x) are now transformed to the k¥ dominant eigenvalues
of C', while preserving the corresponding eigenvectors. We therefore propose the
dynamical system

(3.7) x=-Vf(x)+22uV f(x),
' U=I,-UU")(cI, —Vf(x))U, U(0)=Uy,

where, in the spirit of (2.3), we have applied the generalized reflector
(38) WU . In - 2,@U

to the vector —V f(x), where &7 denotes the orthogonal projector onto the subspace
span(U). For a fixed x near the index-k saddle point x*, the corresponding Oja
flow U(t) will thus converge to a limit point whose column space is the unstable
eigenspace of V2 f(x). Of course, since x(t) in (3.7) is varying in ¢, we need more
rigorous convergence analysis for the coupled system (3.7) than merely an intuitive
reasoning.

According to Theorem 3.1, if the initial value Uy for (3.7) originates from the
Stiefel manifold

(3.9) S(n, k) :={X eR"¥XTX =1},

then the solution flow U (t) stays on S(n, k) for all ¢ > 0. We will assume this condition
holds throughout our discussion. Consequently, the shift ¢ employed in (3.6) becomes
irrelevant, as the identity

(I, —UU ") (eI, )U=0

is trivially satisfied for any c. The differential equation for U(t) in (3.7) is exactly the
same as

(3.10) U=-Vf(x)U+UUV2f(x)U).
For (3.7) and, hence, for (3.10), we still can use Theorem 3.1 to draw the following

results of which a remarkable fact is that we only need to focus on the k leftmost
eigenvalues of V2 f(x), irrespective of whether they are negative or not.
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LEMMA 3.2. For a fixed x, let U(t) be the solution to the differential system (3.10)
(equally to (3.7)) with initial value Uy € S(n, k). Then
1. the number of positive eigenvalues of V2f(x) does not play a role at the
convergence of U(t);
2. suppose that the k leftmost eigenvalues of V2 f(x) are separate from other
eigenvalues. Then the subspace flow span(U(t)) converges to the eigenspace
corresponding to these eigenvalues from almost all Uy.

The system (3.10) turns out to be the original Oja dynamics applied to —V?2f(x),
even though —V?2f(x) is not definite at all. Equivalently, we may interpret U(t) as
integrating the Oja dynamics (3.2) in the negative time. Therefore, the following
closed-form solution is readily available.

LEMMA 3.3. For a fized x, let U(t) be the solution to the differential system (3.10)
with initial value Uy € S(n, k). Then

(3.11) U(t) = e~ VI, (U] e 2V F1y,) 3.

It is interesting to note that the Oja flow represented by (3.10) serves as the
matrix counterpart to the continuous power flow described in (1.1). Additionally,
(3.11) bears a resemblance to (2.2), with the distinction that Uy € S(n, k) is a matrix.
Despite these resemblances, it is crucial to emphasize that Lemmas 3.2 and 3.3 are
insufficient for our theoretical framework. This is because the pair (x(¢),U(t)) must
concurrently satisfy the coupled system (3.7). Further convergence analysis is needed.

A comparison of (3.7) with the HiOSD system (3.1) is due. Assume Uy € S(n, k).
Then the projection &yV f(x) in (3.7) has the same meaning of a Fourier expansion
as that in (3.1) except that they are using different orthonormal bases. Second, the
criterion (2.4) is generalized to

(3.12) 20UV f(x),UTVFx) > (Vf(x),Vf(x),

which is related to the angle 6 between the vectors £V f(x) and the subspace span(U).
In turn, it determines

(3.13)
df(x(t)) . [ increasing if (3.12) holds (6 < Z);
dt (—WoV i), VIx)=f IS{ decreasing otherwise (6 > 7). !

Third, with V := [vq,...,vg], the differential equations v;(t), i = 1,...,k, in the
HiOSD (3.1) can be expressed in matrix form as

(3.14) V=-Vfx)\V+VLVIVf(x)V),

where . := 2triu— diag denotes the operator of twice the upper triangular part minus
the diagonal part of a matrix. For a fixed x, the dynamical behavior of (3.10) is well
understood [50] and, indeed, its closed form is given by (3.11), but the analysis for
(3.14) is still incomplete. Despite their similarity, the most significant difference is
that the HIOSD aims at approximating the dominant eigenvectors, whereas the Oja
flow aims at approximating the dominant eigenspace. Finally, we mention in passing
that beyond the approaches discussed thus far, a variety of alternative dynamical
systems have been proposed for computing dominant eigenspaces. For instance, the
work in [27] introduces a family of generalized orthogonal flows, which encompass the
Oja flow as a particular case.
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Along the trajectories (x(t),U(t)), it is possible that the index of the Hessian
V2f(x(t)) varies in t, whereas determining the index a priori is one of the difficulties.
Although Lemma 3.2 implies that even if %k is not the correct index, the flow U(t)
will still find the eigenspace associated with the k leftmost eigenvalues of V2 f(x); it
should be noted that the mechanism that we have relied on to modulate the direction
—V f(x) might fail. This can be seen by considering the scenario that k is less than
the true index. Suppose that the condition (3.12) holds. Thus, we wish to move x to
increase the objective value. The Householder reflection Wy (—V f(x)) does point to
a direction of ascent. This is acceptable. However, if the condition (3.12) does not
hold, then the movement dictated by Wy (—V f(x)) might cause the objective values
to slide further down along those uncounted unstable directions, which is not desired.

3.2. Projector flow. Recall that the collection of all linear subspaces of fixed
dimension, say, k, of R forms the Grassmann manifold ¢ (n, k). An element in 4(n, k)
is actually a subspace which can be identified by an orthonormal basis U € S(n, k).
Equivalently, or perhaps more conveniently, the subspace can be represented by the
unique orthogonal projector P:= &y =UUT € R"*" onto the subspace span(U). In
this way, note that P is basis independent.

Upon substitution, we may rewrite the system (3.7) as the dynamical system

(3.15) x=-Vf(x)+2PVf(x),
' P=2PV2f(x)P — V2f(x)P — PV?f(x),

with P(0) = U(0)U(0)" and U(0) € S(n,k). The dynamical system for P(¢) in
(3.15) is known as the matrix Riccati differential equation (MRDE). This is a classical
differential system that has been studied extensively. See, for example, [28, 30] and the
many references contained therein. See also [50] for a general closed-form solution of
P(t). Tts equilibrium points are solutions to the continuous algebraic Riccati equation
(known conventionally as the CARE in the literature)

(3.16) F'Z+2ZF—-2GZ+H=0,

with F = FT = —-V2f(x), G = —2V?f(x) and H = 0. Solutions to (3.16) can be
found numerically by using the Schur method [29] or the generalized eigenvalue
algorithm [2].

Though mathematically equivalent, the dynamical system (3.15) for (x, P(t)) is
much harder to integrate numerically than the system (3.7) for (x,U(t)). The reason
is that a projector must satisfy the identity

(3.17) P2=P,

but the MRDE (3.15) does not maintain such a property per se for its general tra-
jectories [28]. Put differently, the product U(t)U(t)" of a solution U(t) to (3.7) does
satisfy the MRDE, but a general solution to the MRDE is not necessarily factorizable
as a product U(t)U(t)" with U(t) satisfying (3.7). Any round-off error incurred in
numerical integration, therefore, will eventually cause P(t) to drift away from its role
as a projector. In contrast, the property (3.5) in Theorem 3.1 implies that the Stiefel
manifold S(n, k) is an asymptotically stable manifold for the Oja dynamical system
(3.2). Even if X (¢t) is off the manifold, the contraction inherent in the dynamics will
bring it back to S(n,k) in the long run. Our numerical experiments confirm this
drifting of P(t) and the contraction of X (t).
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To enforce the condition (3.17), we do have another way to describe the dynam-
ical system for P(t), which can circumvent the numerical drift mentioned above and
maintain P(t) as a projector.

LEMMA 3.4. Assume Uy € S(n, k). For a fized x, let U(t) be a solution to the
differential system (3.10). Then, the product P(t) = U(t)U(t)" satisfies the double
bracket equation

(3.18) P= [P, [P, —V2f(X)H,

where [A, B] := AB — BA denotes the Lie bracket.

Proof. Since U(t) € #(n,r), we know in theory that P?(t) = P(t) for all t.
Rewrite the differential equation in (3.15) as

P=2PV?f(x)P — V2f(x)P?* — P>V?f(x),

which is exactly the expansion of the double bracket in (3.18). d

The double bracket system (3.18) has been studied thoroughly in [5, 8, 10, 14, 22,
23, 45] with some special meanings which we summarize below. The proof follows
from the general results already developed in [14].

LEMMA 3.5. Under the same assumptions as in Lemma 3.4. The solution P(t)
to (3.18) has the following properties:
1. The flow defined by (3.18) is the negative projected gradient flow of the objec-
tive function

1
(3.19) F(P):=35|P+ V2 ()7
subject to the constraint that P € M(n,k) where

M(n, k) :={QQ"|Q € S(n,k)}.

2. A necessary condition for P to be a stationary point of F(P) is [P,V?
F(x)] =0.

3. A stationary point P = QQ" € M(n,k) is a minimizer of F(P) if and only
if columns of QQ form an orthonormal basis for the eigenspace corresponding
to the k leftmost eigenvalues of V2 f(x).

The last statement in Lemma 3.5 happens to provide an alternative proof of
Lemma 3.2. The reason that the minimizer must pick up an eigenspace corresponding
to the k leftmost eigenvalues of V2 f(x) is that the double bracket equation has an
innate sorting property which has been exploited for other applications in [8, 14].

3.3. Subspace iteration with QR normalization. The idea behind the three
coupled dynamical systems, (3.1), (3.7), and (3.15), is almost identical. The funda-
mental mechanism is to estimate the unstable eigenspace by the second equation and
use it as a reference point to gauge how the negative gradient direction should be
modified via the Householder reflector in the first equation. The reflection has the
effect that if the gradient is approximately aligned with the unstable eigenspace in
the sense of (3.12), then x(t) moves in the ascending direction; otherwise, it moves
in the descending direction. The adaption of both the eigenspace and the position
vector is continuous, simultaneous, but infinitesimal. However, path following is slow,
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expensive, and prone to error propagation in computation. The linear algebra might
offer a cheap alternative way to alleviate the situation and still meet the purpose.

Subspace iteration, a rather straightforward generalization of the classical single-
vector power iteration, can be used to compute eigenspaces of matrices [43]. Suppose
that C' € R™*"™ is a symmetric and positive definite matrix with k& dominant eigen-
values. Starting with an arbitrary rank-k matrix Qo € R™**, it is know that the
iteration

(3.20)
Yk+1 = CQk7 k:071727"'1
Qr+1 = the @ factor in the compact QR decomposition Y411 = Qr+1Rk+1,

converges to an orthonormal basis for the eigenspace of the k dominant eigenvalues
[47]. Denote

(3.21) 7(C5Qo) = lim Q.

By requiring that the R factor in the QR decomposition to always maintain positive
diagonal entries, it can be argued that .#(C; Q) is continuous in C' [25].

Motivated by the discussion in the preceding sections where finding the dominant
eigenspace is the central issue, we may introduce the fourth dynamical system

(3.22) { = —V(x(t) + 2Q()Q1) TV F(x(£)),
' Q1) = 7 (C(x(1); Qo)),
where

(3.23) C(x(t)) :=cI, — V2 f(x(t))

with ¢ = ¢(x(t)) large enough so that C(x(t)) is positive definite. The system (3.22)
makes sense in theory except that the value of the continuous function Q(¢) is obtained
from the subspace iteration scheme (3.20) per given ¢t. On the other hand, in view of
the fact that U(t) and P(t) produced by the systems (3.7) and (3.15) only approximate
the eigenspace, respectively, there is no need to calculate Q(t) to high precision per
given t. That is, there is no need to take the limit in (3.21). Perhaps it suffices to take
just a finite number of iterations in (3.20) to create a reflector in (3.22) to influence
the behavior of the flow x(¢). In this case, we may interpret .# as a discrete dynamical
System.

4. Convergence analysis. For clarity, we recapitulate our own three dynamical
systems for the saddle point calculation as follows:
1. (Continuous subspace flow)

(1) x=-Vf(x)+2UU Vf(x),
' U=-V2f(x)U+UUTV?f(x)U), U(0)=UeS(n,k).
2. (Projector flow)

x=-Vf(x)+2PV[f(x),
(4.2) : ) T
P=[P,[P,=Vf(x)]], P(0)=UsUy -
3. (Discrete subspace iteration)

(4.3) x=—Vf(x(t)) +201)Q(t) "V f(x(1)),
' Q)= (C(x();Qo)), Cx(t))=c(t)I, — V*f(x(t)).
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In this section, we identify the equilibrium points of the dynamical system and
conduct a local stability analysis in their vicinity. For related discussions, we refer
the reader to [32] for error estimates concerning the Euler discretization of (3.1), as
well as [18, 52] for results on other discrete schemes. Our analysis is confined to
local properties; a complete characterization of the global dynamics of these systems
remains a challenging and largely open problem.

4.1. Equilibrium points. In this section we characterize the equilibrium points
for each of the dynamical systems without considering their stability.

THEOREM 4.1. Let (x*,X*) € R" x R"** denote an equilibrium point of any of
the systems (4.1), (4.2), and (4.3), where X* is interpreted differently according to
the specific system.

1. x* must be a critical point of the energy function f(x), i.e., Vf(x*)=0.
2. Let (\i,v;), i = 1,...,n, denote the orthonormal eigenpairs of the Hessian
matriz V2 f(x*). Assume that all eigenvalues are distinct and Ay < Ag < --- <

An. Then, the equilibrium point X* for each of the systems can be described

as follows:

(a) For the system (4.1), columns of X* form an orthonormal basis of a k-
dimensional eigenspace of V2 f(x*). There are (}}) distinct k-dimensional
etgenspaces, but infinitely many ways to represent the basis.

(b) For the system (4.2), X* must be the projector operator of a k-dimensional
eigenspace of V2f(x*). There are (2) distinct k-dimensional projectors.

(c) For the system (4.3), X* =[v1,...,vg]D, where D is a diagonal matriz
with +1 along the diagonal. There are 2 distinct equilibrium points.

Proof. First, all three schemes, (4.1), (4.2), and (4.3), resort to a projector &
defined by UUT, P, or QQT with U,Q € S(n,k), and P2 = P, respectively. Conse-
quently, the corresponding Householder reflector is orthogonal. Thus, if (x*,X*) €
R™ x R™** is an equilibrium point of any of these systems, it follows necessarily that
Vf(x*)=0.

For clarity, we differentiate the equilibrium point X* for systems (4.1), (4.2), and
(4.3) by the notation U*, P*, and Q*, respectively. It is convenient to let

(4.4) Vif(x*)=VAVT

denote the spectral decomposition of V2 f(x*). We analyze their structures separately.
If (x*,U*) is an equilibrium point of (4.1), then it must satisfy the equation

(4.5) V2f(xU* =U*(U* V2 f(x*)U*),

which implies that span(U*) is invariant under the transformation V2 f(x*). Suppose
that U* € S(n, k) is a solution to (4.5). We may express

Ur=VD
with some D € §(n, k). Tt follows that D must satisfy the equation
(4.6) AD=D(D"AD).

That is, D is invariant under the diagonal matrix A. It is known that the invariant
subspace of a diagonal matrix with distinct diagonal entries is the direct sum of some
subset of its 1-dimensional eigenspaces. Therefore, D € R"** must be such that

(4.7) span(D) =span([e;,,...,€;]),
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where e;, i=1,...,n, are the standard unit vectors. If

(48) V.= [Vil,...,Vik]
denotes a collection of k orthonormal eigenvectors, then
(4.9) U=Vvv,

where W € RF*¥ is an arbitrary orthogonal matrix. We have thus proved that
span(U*) is an eigenspace of V?f(x*). There are (}) many ways to choose k-
dimensional eigenspaces.

The necessary condition for P* to be an equilibrium point for (4.2) is that [14,
Lemma 3.1]

[P*,V2f(x")] =0.

It is known that diagonalizable matrices that commute share a common basis of
eigenvectors. If we write the projector as P* = Q*Q*' with Q* € S(n,k), then
columns of Q* are eigenvectors of P* associated with eigenvalue 1. Since we have
assumed that V2 f(x*) has simple eigenvalues, the columns of Q* must be eigenvectors
of the form (4.8). We have thus proved that P* must be the projector operator of a
k-dimensional eigenspace.

If (x*,Q*) is an equilibrium point of (4.3), then it is necessary that

(4.10) C(x")Q* = Q*R*.

Since the upper triangular matrix R* = Q*TC(X*)Q* must be symmetric, it is
the diagonal matrix of dominant eigenvalues of C(x*). Therefore, the columns of
Q* are the orthonormal eigenvectors associated with the k leftmost eigenvalues of
V2 f(x*). |

There is a quick way to see (4.7). By regarding (4.6) as a (nonlinear) eigenvalue
problem

(4.11) (DTAD)DT =DTA,

we see that the nonzero columns of DT are eigenvectors of the k x k matrix DT AD.
If A has distinct diagonal entries, then DT must have n — k zero columns. The indices
{i1,...,ir} of the nonzero columns point to the nonzero rows of D. That is, columns
of D are spanned by {e;,,...,e;, }. The equality of (4.7) follows from the fact that D
is rank k.

In the above, the assumption that all eigenvalues are distinct is generic, but is
not necessary. In the event that V2f(x*) has multiple eigenvalues, some modified
results can still be obtained. For example, the same result holds for the system (4.1),
so long as we have A\; <-+- < A < Apg1 <--- < A,. Consider the scenario that k=2,
A1 = Ag, and the remaining n — 2 eigenvalues are all distinct for the system (4.1).
Then for (4.6), the solution DT in (4.11) is allowed to have three nonzero columns,
so long as two are associated with A\; = Ay. Furthermore, in addition to invariant
subspaces in the basic forms such as span([e;,,e;;]) or span([e; + ez, e;;]), we also
have span(Ole;,,e;,]) as invariant subspaces, where © € R™*" is a block diagonal
matrix with a 2 x 2 orthogonal block at the upper left corner and 1 x 1 blocks with
value +1 along the remaining diagonal. The key point is that © commutes with
A. This argument can be extended to the following result, which we stress is only
a sufficient condition. We can construct counterexamples which are contrary to the
necessity wrongly claimed in [50].
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COROLLARY 4.2. Let V € R™** be given as in (4.8). If © e R™*™, W e RF*F gre
arbitrary orthogonal matrices with [0,V f(x*)] =0, then the matrix

(4.12) X*=0vy
is an equilibrium point for the system (4.1).

Proof. We have already argued that U* = WV is a solution. If [0, V2 f(x*] =0,
it is straightforward to see by substitution that X* in the form (4.12) also satisfies
(4.5). O

4.2. Stability of («*, X ™). In the above we have only characterized the equi-
librium points (x*, X*) for each of the dynamical systems. Apparently, there could be
many equilibrium points. We are interested in only the few which are asymptotically
stable under the corresponding dynamical system.

To facilitate the discussion, we begin with the analysis by fixing one variable at
a time. We first consider the stability of X* with fixed x*. In the following lemma,
the emphasis is that the flow X (¢) corresponding to each of the second differential
equations in the dynamical systems (4.1), (4.2), and (4.3) converges from almost
all starting values. The exceptions are those starting values satisfying some rank
conditions similar to (3.4).

LEMMA 4.3. Let (x*, X*) € R® x R"*¥ denote an equilibrium point. Assume that
the Hessian matriz V2 f(x*) has distinct eigenvalues, as articulated in Theorem 4.1,
and that the columns of the starting point do mot span any of the k-dimensional
etgenspaces mentioned in Theorem 4.1, which are themselves equilibrium points. With
x* held constant in each of the second differential equations of the systems (4.1), (4.2),
and (4.3), the associated solution trajectories U(t), P(t), and Q(t) converge globally
from almost all starting values to their respective limit points. Specifically,
1. for the continuous subspace flow (4.1), the columns of U(t) converge to an or-
thonormal basis for the eigenspace corresponding to the k leftmost eigenvalues
of V2 (x");
2. for the projector flow scheme (4.2), the differential equation is a double bracket
flow that converges to the projector of the eigenspace corresponding to the k
leftmost eigenvalues of V2 f(x*);
3. for the discrete subspace iteration scheme (4.3), the limit point 7 (C(x*)), up
to some 1 sign changes in the columns, is always stable.

Proof. For the Oja flow U(t), its limiting behavior is already characterized by
Lemma 3.2, which is a consequence of Theorem 3.1 proved in [50].

The dynamical behavior of the projector flow P(t) is best understood as a pro-
jected gradient flow. Its convergence to the projector of the eigenspace corresponding
to the k leftmost eigenvalues of V2 f(x*) is stated in Lemma 3.5, which is a conse-
quence of a more general framework studied in [14].

The convergence of the subspace iteration (3.20) to the eigenspace of the & left-
most eigenvalues of V f(x*) is proved in [43, 47]. O

We then consider the stability of x* with fixed X*. Recall that X* may be
interpreted differently as stated in Theorem 4.1. In all three dynamical systems, X*
induces a generalized Householder reflector W in the form (3.8), whence we drop the
reference to X*, and the differential equation for x(¢) is of the same form

(4.13) %= -WVf(x).

The next lemma, under the index k condition, asserts the local convergence of x(t).
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LEMMA 4.4. Let X* be an asymptotically stable equilibrium as described in
Lemma 4.3 and W be the associated generalized Householder reflector. Assume that
V2f(x*) has eractly k negative eigenvalues. Assume also that the remaining n — k
eigenvalues are positive.> Then, starting from a neighborhood of x*, the solution flow
x(t) of the system (4.13) converges to the equilibrium x*, i.e., x* is asymptotically
stable.

Proof. Tt suffices to consider the linearized system of (4.13) near x*. Let y :=
x — x*. Then, it is easy to see that

y=-W(V2f(x")y +O(ly[*))
Without loss of generality, we may rearrange the spectral decomposition (4.4) as

A0 VI
0 A, ] [ }:V_A_V_T+V+A+V+T,

i V)= v

where A+ denote the diagonal matrices with negative and positive eigenvalues, re-
spectively, and columns of V- are the corresponding orthonormal eigenvectors. Then,
regardless of how the basis of X™ is chosen, the induced W is of the form

W=1I,—-2V_V' .

It follows after simplification that

A0 V!
o 2 *) _
(4.15) WV f(x*) [V_,V+]{ 0 —A, } { v ]
That is, the eigenvalues of the coefficient matrix —W V2 f(x*) are all negative. O

The above two lemmas about one-direction stability analysis should have shed
enough light on the overall stability of (x*, X*). We complete the theory by bringing
in the index k condition and considering each system separately. We begin with the
following general result for the system (4.1), which is of interest in its own right.

THEOREM 4.5. Suppose that (x*,U*) is an equilibrium point for the continu-
ous subspace dynamical system (4.1) under the conditions that Vf(x*) =0 and U*
s an orthonormal basis for the eigenspace corresponding to the k negative eigenval-
ues of V2f(x*). Then, starting from a neighborhood of (x*,U*), the solution flow
(x(t),U(t)) converges to (x*,U*).

Proof. Let the vector field in (4.1) be abbreviated as
Fi(x,U):= -V f(x)+ 20UV f(x),
Fy(x,U):=-V2f(x)U +UUTV2f(x)U).
The local stability analysis depends on the eigenvalues of the (formal) Jacobian matrix

OF (x,U)  OF (x,U)

(4.16) IxU) = orEv) ord%u)
% 20

31f V2 f(x*) possesses zero eigenvalues, a more nuanced analysis using center manifold theory is
necessary to assess the stability of the degenerate equilibrium; this is beyond the scope of the present

paper.
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at the point (x*,U*). However, since the variable U is a matrix in R™*% it is better
to interpret the partial Jacobians as linear operators via the Fréchet derivative.

Specifically, we see that the actions, denoted by the dot “.”, of the partial deriv-
atives with respect to x at an arbitrary h € R™ are given by

(4.17) %.h = (=1, + 20U ")V?f(x).h,

(4.18) aFZ’;’;’U).h:—<(av(r;];(x).h>U+U<UT <8V;i(x).h> U>,

2
respectively. Note that the operator avac(x) is actually an order-3 tensor whose action

on h to produce a matrix in R"*" will be complicated. In the meantime, the actions
of the partial derivatives with respect to U at an arbitrary H € R"*¥ are given by

(4.19)
%EU).H =2(HU" +UH ")V f(x),
(4.20)
%.H =-Vif(x)H+HU V2 f(x)U) + UH V2 f(x)U) + UU V2 f(x)H),
respectively. It is crucial to observe that
Ll(g;’ U)DH=0 forall HeR™*,

implying that J(x*,U*) is block lower triangular. Therefore, the eigenvalues of
J(x*,U*) are those of the two operators at the two diagonal blocks. In this way,
we effectively avoid the complication of the tensor operator %. The formulas
(4.17) and (4.20) already express how the two operators act at “vectors” in their re-
spective spaces. We now seek their eigenvalues. Their corresponding eigenvectors can
also be characterized, but are not essential in our analysis.

For (4.17), we have already seen the spectral decomposition of the operator
% in (4.15). In particular, its eigenvalues are the diagonal elements of A_
and —A which are all negative, and its eigenvectors are precisely those of V2 f(x*).

For (4.20), the operator % is not readily in the matrix form, but the notion
of eigenvalue/eigenvector is the same, i.e., we seek all nonzero matrices H of size n X k
and all scalars u, possibly complex, such that

(4.21)
—V2f(x)H + H(U* V2 f(x)U*) + U*(H 'V f(x)U") + U*(U* V2 f(x)H) = puH.

By Lemma 4.3, we know that U™ is of the form U* = V_W¥ with some orthogonal
matrix U € R***. The eigenvalue problem (4.21) is expected to have nk eigenvalues,
counting multiplicity. Using (4.14) and making a change of variable

H:=HUT,
we see that (4.21) is equivalent to
(4.22) VoA VIH+HA +V_H'V_A_=puH.

Based on (4.22), we now derive two sets of necessary conditions that characterize the
eigenvalue p. (We are not interested in the eigenvectors H, although some partial
information can be retrieved.)
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First, define
V=V HeRM Mk
Premultiply (4.22) by V,[. We thus reduce (4.22) to
(4.23) ALY +YA_=uY.
Equivalently, for the existence of Y, it must be that
(4.24) (= Aki + Aj)yis = 1y

foralli =1,....n—Fk and j = 1,...k. If for a fixed pair of indices (s,t) we have
yst # 0, then it must be that p = Ay — Agys. Once this y is determined, then for all
other indices (4,7) at which A; — A4 # p, it must be that y;; = 0. In this way we
obtain a total of k(n — k) many eigenvalues of the form

(4.25) p=X—Aepi, i=1,...,n—k, j=1,.. .k

Note that all these eigenvalues are negative.
Likewise, define

Z:=VIHeR™"
Premultiply (4.22) by V.'. We obtain
(4.26) (Z+Z")A_=pZ
Therefore, we need to satisfy
{ (2ij + 2zji) \i = pzij,
(245 + 2ji) Aj = nzji,

simultaneously for all 4,j =1,..., k. Observe that if for a fixed pair of indices (s,t),
s #t, we have zg =0, then it must be z;5s =0 also. That is, the off-diagonal elements
zst and z;s must be simultaneously either zero or nonzero. Suppose that for a fixed
pair of indices (s,t), s #t, we have nonzero zs and z;5. Then

As _ Zst
At B Zts'
It follows that
(4.27) = <W> Ao = Ao + Ao
Zst

Once this p is determined, then for all other indices (¢,4) at which A; + X\; # p, it
must be that z;; = z;; = 0. Since 2z and z:; are interchangeable, these eigenvalues
should be counted twice, i.e., they are of multiplicity 2. There are a total of k(k — 1)
many eigenvalues in this form, all of which are negative. Finally, if for a fixed s we
have zzs # 0, then

(4.28) p=2As,

and z;; =0 for all other indices (4, 7). There are k£ many such negative eigenvalues.
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In all, we have found all n + nk eigenvalues of the Jacobian matrix J(x*,U*) as
follows:

)\17 ceey >\k7 _)\k+la ceey _)\nv
/\j_)\k+i7 izl,...,n—k, _j:17]€,
(4.29) As + At s,t=1,...k, s#t (double),
2 s=1,...k.
By the assumption, all these eigenvalues are real and negative. Therefore, the equi-
librium point (x*,U*) is an attractor for the differential system (4.1). |

For the projector flow P(t), recall that its evolution can be described either by
the MRDE (3.15) or by the double bracket equation (3.18). While the MRDE does
not generally preserve the projector condition (3.17), the double bracket formulation
ensures that this property is maintained throughout the flow. In exact mathematics,
therefore, we have the following convergence result.

COROLLARY 4.6. Suppose that (x*, P*) is an equilibrium point of the continuous
subspace dynamical system (4.2), where V f(x*) =0, and P* is an orthonormal basis
for the eigenspace associated with the k leftmost eigenvalues of V2 f(x*). Then the
equilibrium point (x*, P*) for the projector flow (4.2) is an attractor.

Proof. We have argued in Lemma 3.4 that the projector flow in the double
bracket form (3.18) is a rewriting of the Oja flow (3.10) with the relationship that
P(t) = U(t)U(t)". The convergence of the system (4.1) implies the convergence of
the differential system (4.2). In particular, P* = U*U*" is the ultimate projector. O

Because the system (4.3) is a hybrid scheme, a distinct methodology is required
to establish stability under more rigorous conditions. These conditions pertain to
the perturbation of eigenvalues and, more critically, the eigenvectors of a Hermitian
matrix. Foundational works in this area include the seminal texts [24, 41], which
discuss, among other topics, Rellich’s perturbation theorem concerning Hermitian
matrices of holomorphic functions [49]. In the theorem that follows, we will accept
the assumption as a given, without delving into the specific circumstances under which
it is applicable.

THEOREM 4.7. Regard the function Q(t) defined in (3.22) as a map Q(x(t)).
Assume that eigenprojector 2 (x) = Q(x)Q(x)" in (4.3) is differentiable in x. Then
xX* s asymptotically stable.

Proof. Rewrite the dynamical system for x(¢) in (4.3) as an autonomous system
(4.30) x=-W(x)Vf(x),
where
W(x) = I, — 2Q(x)Q(x) .

The local stability of x* depends on the eigenvalues of the Jacobian matrix of —T (x)
V f(x) at x*. We calculate the action of the Fréchet derivative at an arbitrary h € R"
as

oW

where % is an order-3 tensor whose action at h produces a matrix. It follows that

A-WVI(x),

- W (x") V2 (x").
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Differential e.g., RK, ABM, or pseudo transient methodi Discrete
System ~| Approximation

e.g., continous Newton method

e.g., Toda lattice natural
Tlme__1 eg, QRalgorithm lterative
Sampling Scheme

Fic. 2. Possible interplay between continuous and discrete dynamical systems.

Since we already know what W(x*) is, we are in the same situation as that in
Lemma 4.4. a

5. Numerical experiments. When the index k of a saddle point is known be-
forehand, we have introduced three dynamic systems designed to locate this saddle
point. The theoretical exploration of their convergence is intriguing in its own right.
In this section, we outline the practical aspects of implementing these methods numer-
ically, discuss promising directions for future research, and present several empirical
observations that illuminate their performance.

5.1. Numerical methods. In our extensive 86-page survey article [13], we have
meticulously explored the intricate interplay between classical iterative methods and
the dynamics of certain differential systems. Figure 2 provides a visual summary of
the possible relationships between continuous and discrete dynamical systems. The
uppermost pathway depicts the conventional approach: discretizing a differential sys-
tem via sophisticated numerical integrators, thereby transforming the continuum of
solutions onto a finite sequence of points. The leftward connection highlights instances
where discrete models genuinely sample the solution trajectory of their correspond-
ing differential equations at integer time steps, as exemplified by the correspondence
between the QR algorithm and the Toda lattice [12, 47]. Dotted lines in the dia-
gram suggest that iterative schemes may themselves be inspired by, or reconstructed
from, underlying differential systems. While the transition from continuous to discrete
is often considered natural, reflecting the spirit of most numerical ODE techniques,
there exist unconventional discretization strategies, such as those in [26, 36, 46], which
depart from standard ODE schemes and can yield innovative and more effective al-
gorithms for special types of flows. Conversely, associating an iterative scheme with
a differential system, such as the continuous power method (2.2) or the well-studied
continuous Newton method, could be considerably richer than merely viewing the
discrete method as an Euler step. Alternative mechanisms, including control, accel-
eration, optimization, and structure preservation, may also give rise to continuous
dynamical systems, thereby transcending this basic interpretation and enriching the
landscape of algorithmic design.

A central difficulty in this process of discretizing continuous systems is that it of-
ten compromises key mathematical features inherent to the continuous system, such
as the asymptotic stability, the conservation of energy, or the preservation of geometric
structure [19, 23, 33]. As a result, a raw discrete approximation may fail to faithfully
reproduce the true behavior of the original model. Addressing this gap often requires
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further refinement or modification of the numerical scheme, so that the computed so-
lution more accurately reflects the dynamics of the continuous system. Contemporary
numerical integrators typically utilize adaptive step sizes and variable-order methods
to carefully track error propagation and maintain stability. Through these strategies,
the resulting discrete solutions often closely mirror the dynamics of the underlying
differential equations. Nevertheless, certain scenarios may arise in which this fidelity
is not fully achieved.

To approximate the GAD originally described in the differential equation form
(1.1), a variety of discrete-time schemes have been proposed in the literature. Among
these, the iterative scheme proposed in [18] constructs an auxiliary minimization prob-
lem at each step, utilizing the minimal eigenmode of the Hessian. This approach
achieves quadratic convergence near saddle points, but its inherently static nature
means it does not reflect the temporal progression of the trajectory x(t). Moreover,
its convergence guarantees are restricted to local neighborhoods, leaving the global
behavior of the dynamics largely unexplored. On the other hand, the approach pre-
sented in [52] employs the Euler method to discretize their HIOSD system (3.1),
originally introduced in [51]. While an error estimate for the trajectory approxima-
tion is provided, the Euler method is a rudimentary choice for integrating ODZEs.
The numerical analysis literature offers a wealth of more sophisticated integration
schemes, which are known to deliver enhanced stability and accuracy. Employing
such methods could substantially improve performance in this context. Algorithms
based on the locally optimal block preconditioned conjugate gradient technique [6, 32]
have also been explored. These algorithms require the computation of either exact or
approximate eigenvectors of the Hessian. It has been observed that, at each iteration,
the k eigenvectors corresponding to the smallest eigenvalues must be determined with
high precision; otherwise, the algorithms may fail to converge.

In contrast, although our primary focus is on continuous-time dynamics rather
than their discrete analogues, we must also emphasize that our systems are explicitly
structured and ready for numerical integration, a process that inherently introduces
discretization. In our numerical experiments, we employ the MATLAB ODE suite
with exceptionally stringent error tolerances, setting both error controllers RelTol
and AbsTol to 107'2, thereby ensuring that the computed trajectories faithfully ap-
proximate their continuous counterparts. These advanced integrators employed are
grounded on robust theoretical foundations and have proven reliability, allowing the
numerical discrete solutions to reflect the behavior anticipated by the underlying
mathematical theory for the continuous system. A systematic development of dis-
crete analogues to our continuous methods remains an interesting direction for future
research. Any ongoing progress in this direction should further enrich the field and
deepen our understanding of saddle points.

5.2. Empirical results. For illustrative purposes, we have selected examples
that are straightforward enough to allow precise identification of their saddle points
and corresponding orientations. This prior knowledge serves to highlight the fasci-
nating dynamics at play. The chosen problems exhibit diverse characteristics, which
effectively demonstrate our points.

5.2.1. Surfaces with multiple index-1 saddle points and trajectory plots.
We begin by examining several nontrivial surfaces embedded in R3, each featuring
multiple saddle points of index & = 1. To illustrate the underlying dynamics, we
present a collection of representative trajectories on these surfaces. Our observations
reveal that convergence to the saddle points is inherently local, with trajectories ap-
proaching these points only from specific regions of the surface.
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Miiller-Brown Surface

Fic. 4. Dynamics of (1.1) applied to the Miller—Brown potential energy surface (5.1).

Example 1. The Miiller-Brown potential energy surface

flz1,22) = _900e~ (@1 =1)?=1023 _ 1e—z1—10(z2-0.5)?

(5.1) - 1706—6.5(w1+O.5)2+11(w1+0.5)($2—1.5)—6.5(m2—1.5)2

+ 1560.7(m1+1)2+0.6(z1+1)(z2—1)+0.7(12—1)2

is a well-studied surface which has three local minima and two saddle points, as can
be seen from the drawings in Figure 3. Both saddle points A and B are relatively
shallow when comparing to their surroundings.

Starting with a grid of initial points for x(0) over the window [—1.5,0.75] x
[~0.5,1.75] and a fixed v(0) = [1,0]T, we sketch some trajectories to demonstrate
the ebb and flow of x(¢) governed by (1.1) in Figure 4. Since the plot for v(¢) is
suppressed, the trajectories of x(t) may cross each other.

Naturally, altering the initial vector v(0) leads to different dynamical behaviors.
We do not know of a strategy for selecting v(0) to enhance the convergence. In
Figure 4, we observe that certain trajectories coalesce, suggesting underlying conver-
gence in the flow. To clarify these dynamics, the right panel of Figure 4 highlights
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Peaks Surace and Gap Flow

Dynamics of GAD with Different Starting Values

b Abonmasoaw

Fi1c. 5. Landscape and dynamics of (1.1) applied to the peak function (5.2).

several representative paths, each originating from distinct initial conditions and con-
verging to saddle points. Meanwhile, the left panel offers a more vivid depiction of
the “streams” formed by the GAD flows—some ascend and descend the landscape,
while others trace the valleys. Notably, there exist trajectories that never reach the
saddle points. The precise boundaries of the basins of attraction are challenging to
delineate, as they depend not only on the initial position but also on the effect of v*.
Nevertheless, both our theoretical analysis and these numerical experiments confirm
that each pair (x*,v*) is asymptotically stable. It is also evident from the trajectory
plot that all three local minima act as repellers for the flow.

Example 2. The peak function used in MATLAB,
(5.2)
)2 2

1
Flan,m2) =3(1 — )21~ (24" 10 (% —af - xg) et - 567(11ﬂ T,

has three maxima, three minima, and three saddle points. See the left drawing in
Figure 5. Again, starting with a grid of points over the window [—3,3] x [—3,3] for
x(0) and a fixed v(0) = [1,0] T, we sketch some trajectories of x(¢) governed by (1.1) in
Figure 5. In the right panel of Figure 5, several illustrative trajectories are highlighted,
including two (depicted in black and green) near the lower left corner that execute
U-turns before ultimately diverging to infinity. This behavior underscores that, while
the flow may at times ascend from a local minimum or descend from a local maximum,
the GAD system does not universally guarantee that trajectories originating far from a
saddle point will be drawn toward it. Although the flow v(¢) is ensured to converge, for
the position variable x(t), only local convergence to the saddle point can be expected
in general.

5.2.2. Higher-index problems. In this subsection, we consider several prob-
lems characterized by higher index values. Additionally, we present an initial assess-
ment of the computational performance of our three proposed dynamical systems.

Example 3. The 3-dimensional functional

(5.3) w= f(x1,79,73) =27 — 5 — 35 + x5 — 3v125 — 3T173 — 3073
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has two saddle points (0,0,0) and (—2,0,0) with the Hessians diag(2,—2,—2) and
diag(—2,2,2), respectively. Thus, (0,0,0) is an index-2 saddle point and (—%,0,0) is
an index-1 saddle point, which makes this example an interesting test problem for the
choice of k. For a given value wg, the set

{(21, 20, x3)|2? — 23 — 22 + 23 — 32123 — 32122 — 32022 = wo}

denotes a surface in R3. Since both saddle points reside in the (z7,3)-plane, we
report our empirical results in this plane only. The cross sections of different w-level
surfaces with the (x1,z2)-plane are plotted in the top graph of Figure 6 where the two
saddle points are marked as A and B, respectively. Starting with a grid of points in
the (z1,z2)-plane with x3(0) =0 together with a randomly generated v(0) € S(n, k),
k = 1,2, per grid point, we sketch some trajectories of (z1(¢),22(t)) in the bottom
graphs of Figure 6, respectively. Note that x(t) should be a space curve in R? in
general. The effect of the correct choice of k is obvious. In the case k = 1, we see
that the saddle point B can be reached more frequently than A. Likewise, in the case
k =2, the saddle point A is more reachable than B. Since v(0) is generate randomly,
occasionally a wrong choice of k can still find the other saddle point, but the success
is rare.

Cross Section of Level Surfaces

05

o

IS

&

-15 05 0 0.5 1 15

Fi1c. 6. Landscape and dynamics of (4.1) with different k applied to the function (5.3).
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TaBLE 1
Some saddle points for Bs(x) and performance measurements.

Index k 5 4 3 2
1D S1 Sa S3 S4 Ss Se Sz Sg Sg S10 S11 Si2
1/-0.1351 1.0940 1.0125 0.8294 0.9806 |-0.8725 -0.2132 -0.7749 -0.8906 -0.3453 |-1.0814

10{10.0153 5.5407 9.9985 10.0053 9.9564 | 4.4600 9.9847 9.9733 10.0001 9.9520| 6.0377

saddle 1| 1.1885 0.9092 1.0393 1.0800 0.9676| 1.0131 1.1128 1.0368 1.0811 1.0848 | 0.9575
point 5| 4.9863 5.0607 -0.3455 5.0030 10.4833 | 5.0990 5.0386 5.0444 -5.7751 9.7124 | 5.1237
4| 3.8584 4.1709 3.9871 1.7996 4.0266 | 4.0569 1.3024 10.7518 4.0080 3.9411 | 7.5968

3| 2.6429 4.3701 1.5290 2.0388 4.6195| 3.6410 1.0733 3.1676 -2.5379 3.3152| 3.5930

1) D D G G G G a a G a G a
CPU [20.260| 5.8576 5.7545 5.0930 3.3962 3.1055|2.8698 2.8705 3.3899 4.2244 3.3827| 3.2002
(4.2) D D G a a a a a G G G G
CPU |3.6139| 3.8315 3.4573 3.8078 4.6256 4.1719| 3.5318 4.2147 3.9761 3.7425 3.5535| 4.2656
(4.3) D D G @ G G @ a G @ G G
CPU |5.9611| 3.5787 5.3785 5.3174 4.4294 5.1609 | 4.4975 4.7481 16.147 5.0212 3.6805| 3.7405

Example 4. Consider the objective functions By : R — R defined by [51]

(5.4)
k 6
By(x):=B(x) — Zsl arctan®(z; — x7) + Z s;arctan®(z; —x}), k=2,...6,
i=1 i=k+1
where
6
B(x):= Z(xseftﬂl —z4e” "2 4 pgeT T — )2,
i=1
with
L
=10 i=1,...6,
yi — e—ti _ 56—10&‘, + 36_4ti,
s=[4,8,16,8,4,2] ",
x*=[1,10,1,5,4,3] .
It can be verified that for k = 2,...,6, the same x* is a saddle point of index k for

By (x). Indeed for Bs(x) alone, we have found many other saddle points. A partial
list of these points together with their indices is displayed up to four digits in Table 1.

For demonstration, we report the performance test of our three dynamical systems
on the problem Bj(x) only at the bottom of Table 1. To maintain uniformity across
different domains of attraction for each point, we initiate all three dynamical systems
from a common starting point selected from the same vicinity in the sense of

X0 = Sj +N(0,02).

Here, N(0,0?) represents a random vector drawn from a Gaussian distribution with a
standard deviation of 0 =0.1. The term S; refers to one of the 12 saddle points listed
in Table 1. The integration process is terminated when one of the stopping criteria is
satisfied, identified as either “G” or “D,” indicating the gradient norm or the distance
to the targeted S; is less than 1071°. We thus record the CPU time in the units of
1072 seconds. For the scheme (4.3), we fix ¢= 30 in (3.23) to ensure C(x(¢)) remains
positive definite. The QR updates are limited to 10 iterations per time step which is
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TABLE 2
Convergence of continuous subspace flow with distinct eigenspace dimensions.

True index — 5 4 3 2
S1 Sy Ss3 S4 Ss| S¢ St Ss S9 Sio Si1| Sie

p=2 X | X X G X X G G* X G* X Si2
dimension p p=3 Sg | Sg St X Ss| G* Sy Sg S9 Sio Si1| G*
p=4 Ss | S22 S3 Si Ss;| Sg¢ S22 G* Sy S» Sa Sa
p=5 S1 | X S5 5 X | S X X X Sy S1 X

determined by the odelbs routine in the MATLAB ODE suite. We observe that in
most instances where the “G” event occurs, the calculated distance falls between 10~
and 10719, with one notable exception. This exception, marked as G#, involves the
saddle point S9 whose distance to the limit point is approximately 8.2695, while the
gradient norm is less than 1071%. This indicates that convergence to an alternative
saddle point, even when starting near a specific one, is possible and warrants further
investigation. What has happened is that the limitation of updates to 10 iterations
may have hindered the proper identification of the dominant eigenspace. Interestingly,
increasing the iterations to 11 allows the original saddle point to be reached. Similarly,
reducing the standard deviation of the perturbation achieves the same result. These
observations support our theory of local convergence.

In practice, the exact locations of saddle points are not known beforehand. In
particular, we have no a priori knowledge of their indices. In our subsequent experi-
ment, we maintain the initial setup to explore how choosing dimensions p = 2,3,4,5
for the dominant eigenspaces influences convergence. Given that convergence is not
ensured, we extend the ODE solver’s integration interval to a maximum of 103. If no
stopping criterion is met within this timeframe, an “X” is recorded in Table 2 to in-
dicate nonconvergence. Beyond the convergence results already presented in Table 1,
we observe that initiating near .Sj with index k but selecting an incorrect dimension
p may lead to nonconvergence. If convergence occurs, the flow identifies a limit point
with an index exactly matching p. Additionally, the notation G* in Table 2 signi-
fies the discovery of a “new” saddle point with index p while satisfying the gradient
condition.

5.2.3. A saddle point problem arising from PDE. Saddle points arise nat-
urally in the analysis of nonlinear partial differential equations, where the equation
is cast as the necessary condition of a variational problem. When the solution does
not correspond to an extremum, it is characterized as a saddle point of the associated
functional, and often there are multiple high-index saddle points.

Example 5. Consider the functional

(5.5) B [ (FITuGIR - ut0)) ax

for u € H (), where Q C R? is a bounded Lipschitz domain. For simplicity, we shall
employ the natural L? inner product only over H}(Q). Regarding the gradient of
E(u) as a linear functional acting on H}(Q2), we may write

(5.6) VE(u) = —u® — Au,
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where A denotes the Laplacian operator. The Euler-Lagrange equation
(5.7) —Au=u? ulpgg=0

specifies the necessary condition for a critical point. This special Lane-Emden equa-
tion is known to have multiple solutions which do not have the analytic form. Any
solution to (5.7) which is not an extreme point is a saddle point of the objective func-
tional E(u). The Fréchet derivative V2E(u) of VE is a linear transformation whose
acting on n € H} () assumes the form

(5.8) V2E(u).n = —3u’n — An.

The eigenvalues of V2 E(u) should depend on u. Solving this eigenvalue problem, even
with a specified u(x), presents considerable challenges.

Instead, by applying a proper finite difference or finite element scheme, we may
assume that the function u over 2 has been discretized to a column vector u and the
Laplacian operator —A has been approximated by a fixed matrix L. We thus may
regard

(5.9) VE(u)=—u.?+ Lu,
(5.10) V2E(u) = —3diag(u.?) + L

as the approximate gradient and Hessian to (5.7) and (5.8), respectively, where u.?

denotes the elementwise cubic of u and diag(u.?) denotes the diagonal matrix with
the elementwise quadratic u.2 along the diagonal. While these approximations are
subject to truncation errors, we now possess all the necessary components to construct
the GAD. The finer the discretization mesh adopted, the better the eigenvalues are
approximated. What is important is that the index k of V2E(u) aligns with that of
V2E(u), provided that the mesh size is sufficiently small [48].

To illustrate, we examine the ODE variant of the preceding analysis. The eigen-
value problem is given by

(5.11) =" =3u’n=xy, n(0)=n(1)=0,
which represents a special “regular” Sturm-Liouville problem, where u(z) satisfies
(5.12) —u”" =3 u(0)=u(1)=0.

According to the Sturm-Liouville theory [39], the eigenvalues are real and can be
enumerated as

Ar(u) < Ag(u) < - < Ap(u) < — o0,

and corresponding to each eigenvalue ), is a unique (up to constant multiple) eigen-
function n, (z) with exactly n — 1 zeros in the interval [0,1]. Moreover, the set {n,}
forms an orthonormal basis under the inner product in the Hilbert space L?[0,1]. With
this in mind, the L matrix by the 3-point central difference formula is the symmetric
Toeplitz matrix with first row given by [2,—1,0,...]. With h = Tl)ov for instance,
we identify saddle points with notably high indices. Figure 7 illustrates three such

solutions, with indices of 5, 7, and 10, respectively.
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A Saddle Point with Index =5 A Saddle Point with Index =7 A Saddle Point with Index = 10

F1G. 7. Saddle points to E(u) (ODE variant) with high indices.

6. Conclusion. We reinterpret the gentlest ascent dynamics for index-1 saddle
point problems as the Householder reflection of the negative gradient, guided by a
vector from the continuous power method, Such an adaptation strategy adheres to
a specific criterion. Leveraging this geometric insight, the paper introduces three
generalized dynamical systems for high-index saddle point problems, focusing on es-
timating directions to construct the generalized reflector. The first method employs
the Oja flow for eigenspaces, with the continuous power method as a special case. The
second method works with the projector operator on the Grassmann manifold, which
is shown to be equivalent to a double bracket flow. The third method is a hybrid
approach using conventional subspace iteration with QR factorization for normaliza-
tion. The equilibrium points of these systems are classified, and convergence analysis
is provided for each. Numerical experiments validate the theoretical framework.
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