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On the Refinement of Cartan
Decomposition: An Implicit Commutative
Substructure in su(2")
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Abstract. The Cartan decomposition of a semisimple Lie algebra is piv-
otal in both theoretical exploration and practical application. It gen-
eralizes the classical spectral, polar, and singular value decompositions
found in linear algebra. This paper explores an advanced refinement of
the Cartan decomposition of su(2"), arising from the parameterization
of a Hamiltonian for quantum simulation. Specifically, given an Al-type
Cartan decomposition g = €@ p of any Lie subalgebra g in su(2"), where
p = pP b and b is the maximal abelian subalgebra in p, it is revealed that
both the subalgebra £ and the corresponding p (which is generally not a
subalgebra) can further be partitioned, respectively, as the direct sums of
equal-dimensional commutative Lie subalgebras. With respect to the in-
volution (g) = —g ', any Lie subalgebra g in su(2") with nondegenerate
Cartan decomposition can thus be fully decomposed as the orthogonal
direct sum of h and pairs of commutative Lie subalgebras over € and p,
all of which, except b, share the same dimension.

Mathematics Subject Classification. 17B45, 15B30, 81R50, 65F60.

Keywords. Semisimple Lie algebra, cartan decomposition, direct sum,
commutative subalgebra.

1. Motivation

The theoretical results presented in this paper have immediate application to
the ever critically important Hamiltonian simulation problem (HSP) [11,18,
20,24,32]. To provide a comprehensive understanding, we will briefly outline

Published online: 19 July 2025 ) Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-025-02478-3&domain=pdf
http://orcid.org/0000-0001-8544-3588

164 Page 2 of 23 M. Chu Results Math

the motivation behind this work. Readers who are primarily interested in the
theoretical aspects may proceed directly to the next section.

Given a Hermitian matrix H in C2"*2" | the HSP concerns computing the
time evolution of unitary matrices

U(t) = e, (1)

by a quantum machine. The matrix H typically represents the time-invariant
Hamiltonian in a physical system and the U(t) represents how the wave func-
tion evolves in time according to the Schrodinger equation. If the physical
system is composed of n spin—% particles, the size is necessarily of 2™ x 2™,
When n is large, the conventional ways of using floating-point arithmetic to
compute this matrix exponential, such as the widely used scaled and squared
Padé approximation [34,35], are no longer feasible on classical computers be-
cause the simulation of general Hamiltonians grows exponentially. It has thus
been proposed, notably by Feynman, to use a quantum computer as a possible
solution [20,32].

The Hamiltonian +H in its original numerical expression, however, can-
not be directly implemented on quantum machines. To address this, various
approximation techniques have been proposed for simulating the unitary evolu-
tion [2,12,14,17,22,28,33,40,42]. One promising method involves parameter-
izing a given unitary transformation over an n-qubit system using Pauli strings
[13,19,22,29,30,37]. The core mechanism behind the parameterization is the
Cartan decomposition which we briefly review below. Some basic properties of
Pauli strings will be reviewed in Section 2. For now, we merely point out that
the individual Pauli strings are readily quantum implementable, but not the
+H in the linear combination form of Pauli strings. Additional manipulation is
required, which motivates the current work to complete the analysis.

Given a real semisimple Lie algebra g, an isomorphism 6 : g — g that pre-
serves the Lie bracket structure is called an automorphism. An automorphism
whose square is equal to the identity is referred to as an involution. Involutions
come in various forms, each tailored to specific mathematical applications. For
our application, we employ the mapping [15,26,31]

91(9) = _gT7 (2)
as the involution. Let the eigenspaces corresponding to the eigenvalues +1 and

-1 of 0, be denoted as £ and p, respectively. It thus leads to a vector space
decomposition of g as the direct sum

g=tap. (3)
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This decomposition is referred to as a Cartan decomposition', characterized
by the commutation relations:

[e.e] C e [E,p] Cp, and [p,p] C L. (4)

The term “Al-type Cartan decomposition” is most commonly associated
with the classical Lie algebra su(N) itself. In this case, under the involution 6,
we find the familiar splitting that ¢ = so(N) and p consists of all symmetric,
purely imaginary N x N matrices of trace 0. When extending the notion of an
Al-type Cartan decomposition to a general subalgebra g of su(N), the decom-
position is naturally interpreted through the eigenspace structure induced by
the restricted map 61 |y. For this eigenspace decomposition to be well-defined,
it is essential that g remains invariant under the transpose operation. This
invariance may not hold in general, but is guaranteed if N = 2" and the gen-
erators of g are chosen to be either symmetric or skew-symmetric matrices,
which is a condition naturally satisfied by Pauli strings.

We say that the Cartan decomposition (3) is nondegenerate if both ¢ #
{0} and p # {0}. The pair (¢,p) is often referred to as a Cartan pair of g.
Obviously, £ is a Lie subalgebra by itself, whereas any subalgebra within p is
necessarily commutative. A maximal subalgebras h contained in p is referred
to as a Cartan subalgebra. Given a Cartan subalgebra h C p, let p denote its
orthogonal complementary subspace in p. Thus, we may write the direct sum

g=tepah. (5)

Corresponding to the Lie subalgebra £ in a Cartan pair (€,p), let & = e* denote
the associated Lie subgroup. For a fixed group element K € K, define the inner
automorphism Adg : g — g via the conjugation map

Adg(g) = KgK 1. (6)

The following theorem summarizes three main results in the general theory of
Cartan decomposition [26,31,41].

Theorem 1. Suppose that g is a semisimple Lie algebra with a nondegenerate
Cartan decomposition (3). Then

Tn some references, e.g., [25, Page 185], [41, Page 202], and the Maple implementation
[1], a Cartan decomposition is defined with additional constraints. It involves using the
Cartan involution, which is an involutive automorphism on g such that the bilinear form
By(x,y) := —B(x,0(y)) is positive definite, where B(x,y) := trace(ad(x) o ad(y)) denotes
the Killing form on g. Additionally, it requires that the restricted Killing forms B|¢ and By
are negative definite and positive definite, respectively. For a compact semisimple algebra
such as su(N), however, the identity map is the sole Cartan involution, resulting in a trivial
Cartan decomposition. This triviality renders it useless for our applications. The decom-
position (3), using (2) as the involution over su(N), is referred to as the Al-type Cartan
decomposition [25, Page 451].
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1. Let b be a fized Cartan subalgebra. Then the subset p can be split as the
UNLON

p=J Adk(b), (7)

Kef
2. Ifa is another Cartan subalgebra in p, then

b = Adg(p) (8)

for some K € R.
3. (KAK decomposition) For every group element X € €9, there exist group
elements K1, K5 € et and A € €" such that

X = K AK,. 9)

Several observations are noteworthy. While all Cartan subalgebra are
achievable via conjugations, note that the splitting (7) of p is not a direct sum
of disjoint commutative subalgebras. We may also regard the KAK decompo-
sition (9) of a general group element X as a generalization of its singular value
decomposition (SVD).

When applying the Cartan theory to the HSP of an n-particle system,
we focus on the Lie algebra su(2"). Indeed, since the theory holds in any semi-
simple Lie algebra, it suffices to work within the subalgebra g(vH), defined as
the closure involving all terms of a given Hermitian matrices H under the com-
mutator. Recently, there has been considerable research interest in classifying
the dynamical Lie subalgebras g(:H) associated with certain specified Hamil-
tonian systems [30,43]. We are interested in generating g(V') for an arbitrary
subset V' C su(2").

If «H € p, then by (7) there exist k € € and 1 € b such that

—1H =e"ne”". (10)

The relationship (10) resembles the classical spectral decomposition of the
matrix —iH, except for the difference that 7 is not necessarily diagonal. It
follows that the unitary synthesis can be realized from

e e ". (11)

In this way, H has been parameterized by (k,7n) [29,30,37]. Observe that the
commutativity of h ensures that the exponential €” on the right-hand side of
(11) is readily implementable on quantum circuits. Since £ is itself an algebra,
we can repeat the process to break down the exponential e in a similar way.
If we can control the precision in computing x € ¢ and n € b, then the product
on the right-hand side of (11) is a successful synthesis of e~*** for a quantum
machine.

Identifying the decomposition (10), however, is as challenging as deter-
mining the spectral decomposition of —t/H, which is precisely what is pro-
hibited in the first place. Achieving the decomposition (10) without invoking
spectral decomposition and, in fact, working with only the linear combination

—vHt _ enent
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coefficients of Pauli strings as variables, circumventing the involvement of any
matrices of size 2" x 2" per se, represents a significant advancement in this area.
That is exactly what we have proposed to do in an earlier paper [9] using the
Lax dynamics to accomplish such a task. Without delving into great length,
we synopsize that, if the variables o := [y, ..., a,]", B := [B1,..., 0] rep-
resents the linear combination coefficients of a flow x(¢) in g(+H) in terms of
the basis of the Cartan decomposition, then the Lax dynamics appears in the
form

&= AB)a+ f(v),
{5 ~ g(a). (12)

where f and g are homogeneous quadratic polynomials in «, and A(3) is a
matrix of size r X r depending linearly in 3. Here, B acts as a control variable,
with g chosen to drive a to zero. A more detailed description of the framework
can be found in [10]. The solution of the Lax dynamics, traceable numerically
by modern ODE techniques to high precision [27,36,38], is a generalization of
earlier works on Toda lattice for the spectral decomposition [4-8].

In our exploration of the asymptotic behavior of the resulting Lax dy-
namics and its convergence to the desired decomposition (10), we uncover
an interesting internal structure inherited in (& p). This structure that the
pair (£,p) can be classified into pairs of orthogonal commutative subalgebras
of equal dimensions is instrumental in characterizing the eigenvalues of A(3)
which are crucial to our convergence analysis for the dynamics (12).

A well-known fact is that any subalgebra of su(N) is either abelian or a
direct sum of compact simple Lie algebras and a center [16,31]. It is remarkable
that this commutative substructure, appearing as an orthogonal direct sum
of commutative subalgebras, actually exists in the Al-type Cartan pair of
any Lie subalgebra of su(2"). To the best of our knowledge, such a refined
decomposition has not been previously documented in the literature. We thus
think that a focused report on this structure in this paper might merit some
attention.

Our theory below actually provides an algorithmic way to generate these
hidden commutative subalgebras. The result can be interpreted as a matrix
reordering for the commutator table of g, ensuring zero diagonal blocks due to
commutativity.

This paper is organized as follows. Introduced in Section 2 is a mecha-
nism that encodes each Pauli string into a unique integer, which can also be
decoded to reveal the Pauli string’s composition. This encoding not only or-
ders Pauli strings systematically but also characterizes any subalgebra within
su(2™) by a subset of integers. Our main result is detailed in Section 3. We
prove through a delicate argument that the basis of the subspace p can be par-
titioned into disjoint subsets, each spanning an abelian subalgebra. For each
such subalgebra in p, there exists a corresponding abelian subalgebra in £ of
the same dimension, whose basis forms a disjoint partitioning of the basis of
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. In contrast to the splitting (7) for p where the Cartan subalgebras Adg (),
K € e, might overlap, we achieve an orthogonal direct sum of abelian sub-
algebras for g. Two examples are presented in Section 4 that should clearly
illustrate this commutative structure.

2. Computing Dynamical Lie Subalgebras

Within the Lie algebra su(2™), we are particularly interested in the Cartan
decomposition of its dynamical Lie subalgebra g(V'), abbreviated as g hence-
forth, under the involution (2). The focus of this paper is on the proof that
the entire algebra g can be fully decomposed as the direct sum of commutative
subalgebras. To achieve this goal, we choose the Pauli strings (multiplied by
1) as a special basis for su(2").

The Pauli matrices,

e i S A A

are Hermitian, unitary, and of trace zero. Together with the identity matrix
I, an element in the set {X,Y,Z, I}®" i.e., a tensor product of n matrices
selected from the set {X,Y, Z, I}, is referred to as a Pauli string. Elements
in {X,Y, Z, 1}®" are mutually orthogonal with respect to the Frobenius inner
product over C2"*2" so they span all possible 2" x 2" Hermitian matrices.
With a multiplication by the imaginary number 2 to the Pauli strings and by
removing the element +J®™ from the basis, we now have a mutually orthogonal
basis for the Lie algebra su(2™) which is of real dimension 4™ — 1.

The Pauli matrices are the most fundamental single-qubit operators in
a quantum system because, when exponentiated, they give rise to rotation
matrices describing the gyration of a spin—% particle around the coordinate
axes [39]. The Pauli matrices satisfy the relationships

XxX=Y*xY=2Z+xZ=—1XxYxZ=1I, (14)

where, for clarity, we have denoted the matrix multiplication by * to distinguish
it from the Kronecker product ® whose writing is often suppressed. These are
sufficient to establish other cyclic relationships such as X *Y =17 = —Y % X,
YxZ=1X=—-7ZxY,ZxX =1Y =—XxZ, and so on.

Let By, £ = 1,...,4™, denote elements in {X,Y,Z, I}®" multiplied by
the imaginary number 2. There are 4™ Pauli strings. Each By is of size 2" x 2™.
It is certainly desired to avoid forming such a large matrix explicitly, not to
mention carrying out the Lie bracket formally. To effectively characterize a
Lie subalgebra in term of its basis, we introduce the Fraktur numerals 1, 2, 3,4
to represent both the symbols of X,Y, Z I and the digits in the quaternary
numeral system (where 0 is replaced by 4). Every element in {X,Y,Z, [}®"
has a unique n-digit ID

an®an71®~--®alEonanfln-alv DjE{l,Z,S,Ll},
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which can be translated into a unique ordinal number ¢ via
n .
0= 40— 1) + 1, (15)
j=1

and vice versa.

This encoding offers the immediate advantage of representing a 2™ x 2"
Pauli string by a single integer, regardless of the potentially large value of n.
It also provides a systematic way to order Pauli strings, which serves as an
effective tool for characterizing any subalgebra in su(2") by a subset of integers.
Apart from the additional scalar multiplication by ¢, the same conversion can
be applied to encode By by the single integer ¢, and decode the integer ¢ to
reveal the content of By.

One of the advantages of employing the Pauli strings as the basis is their
exchangeability under the Lie bracket [9].

Lemma 2. If the commutator [B;, B;] of two distinct B;, B; is not zero, then
[Bi, Bj] = cBy, for some k # i or j, and c is either 2 or -2. In this case, it is
also true that [Bj, B| = ¢B; and [By, B;] = ¢Bj. The proportional constants c,
known as the structure constants, depends on the makeup of the Pauli strings.

Suppose that the Pauli string B; is expressed in terms of its n-digit ID as
B; =w;, ...0;,, where d;, € {1,2,3,4} for k = 1,...,n. Then the commutator
[Bi, B,] is given by

[Bi,Bj] = _((Din .. .Dil) * (D]n .. 'Djl) - (Djn . 'Djl) * (Din .. 021))
= (i, x05,) - (00 ¥ 05,) = (04, ¥ 0i,.) - (05, ¥ 04,)),  (16)

By (14), each of the matrix-to-matrix multiplications d;, *9;,, k = 1,...,n,
can be looked up from Table 1.

Furthermore, since the products 0;, * 9;, and 0;, * 9;, differ by at most
a negative sign, the two terms on the right side of (16) are essentially the
same. We have either [B;, B;] = 0 or [B;, B;] = —2(0;, *9;,)...(d;; *0j,).
The n-digit ID of the bracket [B;, B;] is thus completely determined, without
executing any matrix or tensor multiplications at all.

TABLE 1.  Matrix-to-matrix multiplication table of
(XY, 2,1}
* 1 2 3 4
1 4 13 —12 1
2 —13 4 11 2
3 12 —11 4 3
4 1 2 3 4
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The process described efficiently computes the Lie bracket with minimal
index retrievals or swaps. Through encoding and decoding the associated or-
dinal numbers, this method is instrumental in generating the dynamical Lie
subalgebra g(V'), the smallest subalgebra for arbitrary subset V' C g(2™). No
actual matrices are ever formed. This technique can also be employed to per-
form the AI-type Cartan decomposition effectively, as will be demonstrated in
our examples. Our Matlab code is available to interested readers.

3. Commutative Substructure Within the Cartan Pair

Suppose that a Lie subalgebra g in su(2") is in hand. We now begin to discuss
our major result concerning the additional structure within the pair (€, p)
associated with a given Cartan pair (¢,p) of g.

Theorem 3. Suppose that a semisimple Lie algebra g has a nondegenerate Car-
tan decomposition (5). Then dim(£) = dim(p).

Proof. The parameters needed to determine each of the matrix exponentials in
the KAK decomposition (9) are precisely those in the associated subalgebras,
We may thus count the numbers of parameters. On one hand, we observe from
(5) that the dimension of the Lie algebra decomposes as dim(g) = dim(¢) +
dim(p)+dim(h). On the other hand, the alternative decomposition given by (9)
yields dim(g) = dim(#) + dim(h) + dim(€). Comparing these two expressions,

we deduce that dim(¢) = dim(p). O

Denote the basis in each subspace as

p =span{p1,...p.}; b=span{hy,...hs}; €=span{ky,...k.}, (17)

respectively, where we may assume that these basis elements are in the form
of By with suitable subsets of £ = 1,...4™. The inclusion relationship between
any two of the three subspaces € p and h under the Lie bracket operation is
listed in Table 2. Of particularly importance is the fact that [9]

b, € Cp. (18)

By Lemma 2, it suffices to characterize the relationships by considering only
the transitions among the Pauli strings, that is, [ha, ks] = cp, and so on.

TABLE 2. Inclusion of subsets & p and h under Lie bracket

£ £ p [
P 14 14
b ] 14 0
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Introduce the index subsets
f)j = {[th,k[]#()}, j:].,...,S.

Based on (18), we may define the injective map ¢; : $; — {1,...,r} such that
¢;(£) is the unique integer satisfying the relationship

[hj, kel = —cjePy, () (19)

with the structure constant c;p = £2. By Lemma 2, it follows that

[Pg; (0), kel = cjehy. (20)

Building upon (19), we turn our attention to the dynamics in the entire com-
mutator table [f, €]. In particular, we want to study on how clusters of p;’s can
be produced by using identical subsets of h;’s and k,’s in various combinations.

3.1. Basic Tools
For each ¢ = 1,...,r, define the index-ordered set

Li=uw{l|¢;(¢) =i, for some 1< j <s} (21)

where W is meant to indicate that elements ¢ are arranged in the ascending
order. Correspondingly, let

Ji = w{ile; (i) # 0, (22)

be the index subset ordered according to that in £;. The ordering will be used
later, when specifying the position of that particular element matters; other-
wise, J; and £; can simply represent subsets of integers without ambiguity. For
a fixed 4, consider the collection of all the pairs (j-,¥;), jr € J; and £, € £;,
ordered by 7. By definition, ¢;_(¢;) =i for all 7.

It is helpful to recognize that the index-ordered sets £; and J; corre-
spond to the column and row indices where the specified p; occurs in the [h, €]
table. Analyzing the underlying structure involves significant mathematical
manipulation. Two key lemmas are essential tools frequently employed in this
analysis. The first lemma is a reformulation of the Jacobi identity, adapted
here in an associative format for our needs. The second lemma facilitates the
rearrangement of indices to another element within the [h, €] table.

Lemma 4 (Associative property). Given any three elements I'y A and © in a
Lie algebra, the identity
always holds.

Recall that the notations J; and £; denote ordered index sets. To clarify

their association with p;, we label their elements with superscripts such as

j/(f), K%i), where the subscripts , and ,, refer to their ordinal numbers within
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TABLE 3. Crossover relationships guaranteed by Lemma 5

Pa ... Db . D~ . Di
hy, hj, hj, hj, ke,
hj, hj, hj, hj. ke,

the respective ordered sets. By definition, when (jﬁi),éff)) is paired together,
it holds that

[0, ko] = =€ 00 Pis (24)
with i = 42 for all j,(j) € J; and 6,(}) € £;. When i is fixed and there is
no b
no cause of ambiguity, we may omit the superscript () for simplicity.

Lemma 5 (Crossover property). For a fized 1 < i < r, suppose that indices
Ju>Jv € Ji and £y, e € £, are such that @,j““n) = 5¢_7‘V<e<> = p, for some .
Then the identity

[hju’kfc] = :l:[hju’kén] (25)
holds. In particular,

[hjn ) kég] = :l:[hjg ) k&,] (26)
always holds for any n and C.

Proof. By definitions and Lemma 4, we observe that

1 ~ 1 ~ ~
R ke ) = ———[h,. [Py, by ] = ———{lhi s [Py, 1) = [Py [y, B 003
Cj e Cj, L,
¢ j1lny
= L[hjm k&;}? (27)
Cj L.
where we have used the fact that h is commutative. Note that the ratio ?”%
Jv “¢
is either 1 or -1. The identity (26) follows from taking the special case p =17
and v = (. O

The identities in Lemma 5, particularly the relationship (27), can be
conveniently expressed as in Table 3, which reads as the bracket product of
h; with the rightmost £, in the same row results in a scalar multiplication 32
of the particular py. (s) directly above that h;. The boxed quantities represent
the conditions stipulated in the lemma.
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3.2. Structure Analysis

Assuming that the Cartan decomposition of a subalgebra g has been estab-
lished, we now delve into its substructure for further insights. The proof of
this theory is complex, which may partly explain the previous challenges in
understanding this substructure. For clarity, we derive a series of results that
collectively delineate the intrinsic structures within the pair (€,p). Our aim
is to reach the summary at the end of this section, which encapsulates the
essence of this commutative substructure. The two worked-out examples given
in Section 4 also help demonstrate this substructure.

To begin, we analyze the arrangement of zero elements within the [f, €]
table by examining its rows.

Lemma 6. There exists hy € by such that [hy, k] = 0 for some £, € £; if and
only if [pi, ho] = 0. In this case, [hy, ke ] =0 for all L € £;.

Proof. Observe first that

- 1 1
[pi’ hU] = _f[[hjr,,kar,,}, hU] = T {[hjnv [kfv,ahff“ - [ki(", [hjn’ hUH}
Jnkn Cinky
1
= _Ci[h’jna [kfyﬂ ho’]]7
]71’%7

where the second term in the second equation is zero due to the commutative
nature of . The identity can go in either direction, so the first claim is proved.
Observe next that

1 - 1 ~ ~
[hm kﬁg] =T [hda [ph hjc]] = T {[hjga [pi, ho“ - [pia [hjcaho]]} =0.
Ccke Cjcke
The second claim follows. O

The implication of Lemma 6 is worth noting.

Corollary 7. If h, € b is such that [hg, ke, | # 0 for some £, € £;, then it must
be that o € J;, and that [hy, ke.] is a nontrivial element in p for every (¢ € £;.

Choose an arbitrary index j, € J;. By definition, we already have

(hj, ke, ] = —cje.pi # 0.1t follows that [h; ,ke| # 0 for any £- € £;. For
each fixed 1 < i < r, define the sets
pi = {Dg, (eo)lir € Jirlc € Li}, (28)

We now explore the structure within p; and €. Our analysis aims to
achieve three key objectives: first, to show that each p; or &, 1 < i < r|
spans a commutative subalgebra under the Lie bracket; second, to identify
and describe any overlaps among these sets; and finally, to elucidate how they
collectively decompose € and p.
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Theorem 8. For a fizred 1 < i < r, the subspace spanned by ¥; is a commutative
subalgebra of €.

Proof. If ¢; contains only one basis element, then it is trivially true. Suppose
¢, # {; are two distinct elements in £;. Then there exist h;, and hj, such that

[h’]na kfn] = 7Cjn€nﬁi7 [h’jgvkeg] = 70]@[452’-

On the one hand, observe that we have

1 - 1 . -
[k&wk@g] = T H i7hj¢,]a ké(] = T {[pi7 [h]},kac]] - [hjn’ [pikag]]}
Cﬂngn Jnln
1

= ———1pi, [y, ke ]

C]nén
If [hy,, ke.] = 0, then we are done; otherwise, by the notation defined in (19)
we may write that
(1, ke ] = _Cjnfcﬁ%n (€¢)>

and thus
Cjnle

U{Jg kgc] [pupqﬁjn (Eg)]

Jntn

On the other hand, by using the same argument for (25), observe that

_ Gk Gt Cinte ~
[hjc ’ kzn] ¢ [th ) kéc] c P, (£c)-
Jnln Jnly

It follows that we also have

1 - 1 - ~
[keyﬂkfg] = 7‘7[[hjgapi]7 ]an} = 7f{[hj<a [pi7 k&,]] - [pia [hjukén}}
Cicle Cjcte
[ (e, ke ) = = 2 5 B )
= i yhe, |l = — iy Po;, (£
Ciote J¢ il i (L)

Regardless of the values of the coefficients, we find that these two equivalent
expressions of [ky, , k¢ | have opposite signs. This is possible only if [k, , k¢ ] =
0. U

Lemma 9. For a fized 1 <i <, if py € p;, then [p;, py] = 0.

Proof. Assume that v = ¢;, (¢,). That is, there exist indices j,,j, € J; and
£, 4, € £; such that

[hju’ ken] = 7Cju£7]ﬁ'y7 Iihjp,7ke‘l,} = 70]'“@“’?5/1'7 [h]yﬂkzn] = 7Cj7,£77§i'
It follows that
. 1 Cj 0 ~ Cj,l,Cj el
h: | = hi ke |, h; ] =——""lh; ,pi| = ——— 2k,
P, P e Gty e Kt ] Cmn[ i P Ciuty "
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where the coefficient for k,, in the last equation can actually be abbreviated
as ¢j,¢,- In other words, we see that v = ¢;, (¢,,). Therefore,

~ ~ 1 _ 1 B B
[pi7p’Y] = _C‘ [[hjnaanLp’Y] = — ] {[hjn7 [kETﬂp'y]] - Uf@n,[hjan,y]]}
Intn Cjnly
Cjuen 1 _ cjnéu
= hi  hj = (ks . [h; L A A
Cj,,]én [ In> ];m] + C]‘”@" [ 2% [ Jn?p’)’]] Cjn(n [ Ly E“} s
where the last equality follows from Lemma 8. 0

Theorem 10. For each p, € p;, £, = £; setwise. Since these sets are ordered,
they are identically ordered.

Proof. Assume v = ¢; (4,)- By (30), we also have v = ¢;, (£,,), implying that
¢, € £,JL,. To prove £, = £; setwise, it suffices to prove the inclusion in
one direction. Consider the scenario where ¢ € £; and £ # ¢, nor £,,. There
exists je € J; such that

[hjqaklg] = 7Cj<€<§i~

By the crossover relationship guaranteed by Lemma 5, we can further the
relationships to

[h]u ? kf(] = i[h’]n ’ k‘eu]

which, by (18), is associated with an element, say, p,, in p;. Similarly, we have
the relationship

[h;

JTNkE(] = :l:[hjgakln]
which is associated with another element, say, p,, in p;. Thus, Table 4 reflects
these relationships, where the value at the first three diagonal locations de-
noted by the question mark ? must be identical up to a + sign in order to
satisfy the crossover relationship. It remains to determine the class to which
this value belongs.

Observe that

_ 1 1

Do = ——hi, [Py, hi ]| = ———hi , [Py, b
a nggucjneu[ ](’[ v Jn” ngfucj,,éu[ In [ y JC]]
Ci.§
e —Jic[hj,,ﬂk(s]) (31)
chZI‘r CjT[E/J,

where, by the fact that [p,h] C €, we have assumed that there exists § such
that

[Py: hic] = —¢jcoks

By now, together with the crossover relationships with others, we see that the
last row of Table 4 holds. It remains to identify the set to which ks belongs to.

Because p, € p;, whereas we also know p, can be expressed as (31) with
hj, € Ji, we conclude ks € €. Therefore, the value for all locations marked
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TABLE 4. Relationships established in Theorem 10

Pa e Pov . p,\/ . Di

? h]C h]“ “ee hj,'] ke"
h, ? h;,, h;,, ke,
h.]u h]n 7 hﬂ( kZC
hj, hj,, hj, e ? ks

by ? must correspond to an element h, € b, which implies that ¢ € J; and,
hence, ¢ € £,. O

Theorem 11. For each p, € y;, 3, = Ji setwise, but elements are in different
order.

Proof. Since £; and £, are ordered, we do not need to distinguish k) from

kg . For each £, € £;, there exist jgﬁf) € Jy and j, € J; such that

[hjglw,kzn] = 70]47(’7)@”5’)/ and [hj,, ke,] = —cj, 0, Pi
()

respectively. Note j,' refers to the ordered index corresponding to ¢, in £,.
Observe that

~ 1 - 1 - - -~ -
[Pishen] = — [Pi, (ke Pyl] = ———A[Py, [ke,,, il = [ke,,, [Py, il]}
K Cj(“r)é Cj("r)g
n n n n
Cinly ~
C,('i)n [p'Y’ h]n]
Jn' iy

Because [p, h] C €, the two brackets above either both equate to zero or result
in an element in the form of +2kg for some 1 < 3 < r. In the latter case, by the

way we pair the indices in J; and £;, it must be the case that g = jfﬁ) € L.

It follows that jy(,’” € J; and j, € J, simultaneously. Repeating this argument

for every ¢, € £;, or equivalently for every ]}(77) € J4, we conclude that J, =

Ji- O

Theorems 10 and 11 are instructive in that all elements in p; share the
same column indices as those in £; and the same row indices as those in
J;. However, while the column indices are ordered and fixed, the row indices
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are from some reordering of those in J;. By now, we should have enough
information about the structure of p;.

Theorem 12. For a fized 1 <1i <71 and any p, € p;,
1. p; =p,.
2. If |S| denotes the cardinality of a finite set S, then |p;| = |£:] = |3
3. The subspace spanned by p; forms a commutative subalgebra of p.

Proof. We know by Theorems 10 and 11 that £; = £, and J; = J, setwise.
By the definition (28), it must be p; = p,. Also, by the definition (29), ¢; =&,
in a fixed order. In the proof of Theorem 10, we have shown that for each
le € £, v = ¢j, (L) holds only for a specific j- € J;. Indeed, in Table 4 we
also see that for each fixed j, € J;, there is one and only one /¢ € £; such that
v = ¢;, (L¢). This injective relationship proves |p;| = |£;] = |Jil-

Suppose that pg, py € p;. We may choose ¢, ¢ € £; such that

¢j1 (617) =a, ¢j1 (ZC) =b,

respectively. By the crossover relationship, we also know

~ 1
(hjys Koey -

Pa = —
cjnel

By the one-to-oneness, we also know that corresponding to j,, there exist
¢, € £; such that

~ 1
po = ———I[hj,, ke,]-
Cinlu
Therefore,
SO 1 ~ 1 ~ .
[paapb] = —7[[h]’n7k‘21],pb] = —7{[]1]‘”, [kgl,pb]] — [k‘g17 [hjwpb]]}
Cjﬁel Cjnel
1 1
= —Cj , {—Cj1€< [h]n7h]<] + 7[1{[1 y k@u]} =0
ntl ntp
because both h and ¢; are commutative. The third statement is proved. O

The theory developed above can be summarized as follows:

1. The [b, €] table consists of elements of p and 0 only.

2. Corresponding to each p; € p, 1 < i < r, the indices corresponding to
the columns and rows of p; in the [, €] table define the sets £; and J;,
respectively. These sets, in turn, give rise to the sets p; and ¢;.

3. For all p, € p;, Jy = J; setwise, but with different ordering. Meanwhile,
£, = £; in the same ordering.

4. The collection of these p;’s classifies the basis p into disjoint subsets, each
spans a commutative subalgebras in p.

5. Likewise, the sets €; divide the basis of the subalgebra £ into disjoint
subsets, each spans a commutative subalgebras in &.

6. There are as many subalgebras & in £ as there are subalgebras p; in p.
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4. Examples

The proof presented above for the existence of an innate commutative substruc-
ture seems complicated due to its intricate interplay of crossover relationships.
To substantiate our theory, we provide two randomly generated examples to
demonstrate this refined decomposition within a given Cartan decomposition.
We first present a low dimensional problem so that all details can be seen. We
then employ graphical representations to elucidate the commutativity of the
[h, €] table for a high dimensional problem.

4.1. Casen = 3

Consider the example n = 3. The set {X,Y, Z, [}©3 comprises 64 distinct Pauli
strings, which, by (15), are represented by integers ranging from 1 to 64. For
instance, the Pauli string X ® ¥ ® Z corresponds to the integer 34. Upon
multiplying the Pauli strings by 1, the Lie algebra su(23) is spanned by basis
{Bj,...,Bss}, where each basis element is also associated with an integer.

We randomly select a subset of integers {1,4,6,7,11,12,13}, where each
integer identifies a certain basis element. Consider the vector space

V =span{l,4,6,7,11,12,13}.
Applying the technique from Section 2, we find that
a(V) = span{1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,
49,50, 51,52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63},

which has a dimension of 30. Using 6, the Cartan pair (& p) is determined as
follows:
¢ = span{2,5,7,8,10, 14,50, 53, 55, 56, 58, 62},
p =span{1,3,4,6,9,11,12,13,15,49, 51,52, 54,57, 59, 60,61, 63},
with dimensions 12 and 18, respectively. Within p there are five Cartan sub-
algebras spanned by the bases
{1,4,13,49,52,61},{3,4,15,51,52,63},{3,6,9,51, 54,57},
{1,6,11,49,54, 59}, {11, 12, 15,59, 60, 63},
respectively. Note that these Cartan subalgebras overlap, yet each can be
reached through suitable conjugations of the others. Suppose we choose
h = span{1,4,13,49,52,61},
p = span{3,6,9,11,12,15,51,54,57,59, 60,63 }.
Then r =12 and s = 6.

So that the readers can verify the subsequent calculations independently,
we provide the complete commutator table entries between h and € as
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—63 —60 0 —57 0 —51 —15 —12 0 -9 0o -3
0 —57 —59 —60 54 0 0 -9 —11 —12 6 0
.4 = | 51 0 54 0 —59 —63 -3 0 6 0 —11 —15
= o1 —12 0 -9 0 -3 —63 —60 0 —57 0 —>51|°
0 -9 —11 -12 6 0 0 —57 —59 —60 54 0
-3 0 6 0 —11 —15 51 0 54 0 —59 —63
which reads, for example, that the (1,2) entry is [Bi, Bg] = —2Bgo. Here,
the constant factor of 2, consistent throughout the table as per Lemma 2, is
implied, while the sign is explicitly noted. We stress that these commutator
multiplications can be quickly obtained by our techniques outlined in Section 2
without the need to explicitly construct these Pauli strings.
The subspace p itself is not an algebra. However, by our theory it is the
direct sum of three four-dimensional subspaces

p = span{3,15,51,63} @ span{6, 11, 54,59} & span{9, 12,57, 60},

each of which is a commutative subalgebra. The set of basis {3,15,51,63},
for instance, is identified by ordinal indices £; = {1,6,7,12} in p which are
also column numbers in the [h, €] table above. Our theory ensures that p; =
pe = p7 = p12 = {P1, s, D7, P12 }. Correspondingly, our theory asserts that the
subspace ¢ is the direct sum of three four-dimensional subspaces

¢ = span{2, 14, 50,62} @ span{7, 10, 55, 58} @ span{5, 8, 53,56},

each of which is a commutative subalgebra. The basis of ¢; = {2,14, 50,62},
for example, is enumerated as {k1, kg, k7, k12} and so on. Furthermore, we can
pair up the bases of these subalgebras as (&;,p;), ¢« = 1,2, 3, where the [¢;, p;]
table (see Table 4) is such that

—61 —49 -—13 —1 61 —52 13 —4
[e1,p1]= [1‘2 o e i3]7 [Ez,pz]=li’§ T e éil,
-1 —13 —49 -61 4 —13 52 —61
—52 —49 —4 -1
[€5,p3] = [ R ]
—1 —4 —49 -—52
Note that in each of these commutator tables, the entries within each column
form identical subsets of b, differing at most by their signs. Note also that
these entries must be meticulously ordered to reflect the specific crossover
relationships inherent in the structure.
In short, for this particular example, we find that

g(V) =span(t,) Dspan(;) Gspan(ts) @ span(p) Gspan(pa) Sspan(ps) O,

¢ P
(32)

where each of the seven subspaces on the right side is commutative.
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4.2. Case n = 12

Consider the case where n = 12 and the Hamiltonian +H in a linear combina-
tion with the space

1H € span{1,4,5,6,7,11,12,15,22,50,51}.

The algebra su(2'?) has real dimension 412 —1 = 16777215. Each basis element
B, in this Lie algebra is of size 2!2 x 2'2 = 4096 x 4096. Constructing the
full commutator table for all [B;, B;] would result in an immense matrix of
size (412 — 1) x (4'2 — 1). However, by utilizing our techniques described in
Section 2, each By is represented by a 12-digit ID which is further converted
via (15) into a unique ordinal number ¢. We can efficiently determine the
basis of the subalgebra g(+H) and, indeed, dim(g(+H)) = 126. This method
significantly reduces the computational effort compared to traditional unitary
synthesis techniques for e,

Instead of enumerating the elements in the commutator table for g(+H),
we present a visual representation in Figure 1 to represent the 126 x 126
commutator table, where each dot signifies a nonzero entry. There are 8064
such entries, yet no discernible patterns emerge at this stage.

2.8 2.3 58 o

FIGURE 1. Nonzero Lie brackets among elements of g(+H),
if not ordered by commutative subalgebras
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Rt ".';s'c'c'c
el

20

40

60

80

S XXX X

100

120

0 20 40 60 80 100 120
nz = 8064

FIGURE 2. Nonzero Lie brackets among elements of g(+H)
after reordering by commutative subalgebras

The Al-type Cartan decomposition of g(¢H) is found to have dim(¢) =
dim(p) = 56 and dim(h) = 14. Using our theory?, it is further discovered
that the Pauli basis elements in p (and €) can be categorized into 7 disjoint
groups, each of which spans an 8-dimensional commutative subalgebra. By
reorganizing the basis elements of g(+H) akin to the arrangement in (32), we
have:

7 7
5(:H) = @D span(t;) @D span(p:) @b, (33)
i=1

i=1

¢ P

where each of these 15 subalgebras are commutative among themselves. The
commutator table under this ordering of Pauli strings is represented in Fig-
ure 2. This table contains exactly the same entries as those in Figure 1, yet
the 15 zero blocks along the main diagonal clearly manifest the commutative
subalgebras established by our theory. This matrix representation may ap-
pear as a result of graph reordering, but it is fundamentally a consequence of
identifying the commutative subalgebras.

2We have developed an algorithm in Matlab to automate the process. The software can be
provided to interested readers.
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5. Conclusion

The theory developed in this note applies to the AI-type Cartan decomposition
of any subalgebra of su(2"). The key finding is that this decomposition can
be further divided into an orthogonal direct sum of abelian subalgebras. This
algebraic insight into the commutative substructure within any Cartan pair
should be of mathematical interest in its own right. In practical terms, such
partitioning is crucial for examining the limiting behavior of Lax dynamics,
which is detailed in a separate study and is instrumental for addressing the
Hamiltonian simulation problem in quantum simulation.
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