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1. INTRODUCTION

WHEN studying a nonlinear spring chain composed of finitely many mass points on a line
subject to the influence of exponential repulsive forces, one can rewrite the associated
Hamiltonian system after Flaschka’s transformation as the following matrix equation [4, 7],

L=[L,B]=LB-BL (1.1)

where
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is a Jacobi matrix (with positive off-diagonal entries) and
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is a skew-symmetric matrix. Equation (1.1) is known as the Toda lattice. Among many of its
interesting properties which have been studied [2-4, 7, 11], probably the most important
features are the isospectral property—starting with any initial value L(0) = Ly, the solution
flow L(¢) of (1.1) has the same spectrum for all 7, and the global asymptotic convergence
property—the solution flow L(#), while preserving the tridiagonal form for all ¢, converges to
a diagonal matrix.

Recently the significance of this dynamical system was further underscored by the discovery
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of the close relation between its flow and important QR-algorithm in nu merlcal analysis [
3, 11]. Roughly speaking. one step in the QR-algorithm applied to the initial matrix ¢xp(Lg
gives the same matrix as the Toda flow sampled at integer times.

The equation (1.1) has been generalized to the most extent in a previous paper [2] where

the following initial value problem was studied.

\./,

(X =[x, I(G(X))]
X(0) = X,
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In this problem, X is a general complex-valued matrix, G(X) is the matrix-valued contour
integral
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G(X) :_'J G(M) (Al —
where G(z) is an analytic function defined on a domain Q containing the spectrum of X,
I'C Q is any contour surrounding the spectrum of X, and ITo(G(X)) is the unique skew-
Hermitian matrix in the splitting of G(X) as the direct sum of an upper triangular matrix with
rcdl magonau Cl’l[l'lcb dl'l(.l a bKCW ncrmluan Iﬁatrlx ll lb Llear u‘Om lllC comimutator U':)i'm UL
(1.2) that the solution flow X (¢) still has the isospectral property. Indeed we have proved the
following properties in [2] which are analogous to (but more general than) results in [3, 8].

LEMMA 1.1. The solution X(¢) of (1.2) is given by
X(n) = 0" (0XeQ(1) (1.4)

where Q(¢) solves the initial value problem

{(:)(,ﬁ)\ =00 (N(G(X () (1.5)
|Q0) =1

and Q* means the adjoint of Q.

LemMA 1.2. The matrix Q(¢) in (1.5) is exactly the unitary matrix involved in the QR-
decomposition [5, 9, 12] of the matrix e ““*¥. namely

9N = O(NR(1) (1.6)

where R(1) is an upper triangular matrix with real

Furthermore, the Toda flow is related to the QR-algorithm (for general matrices) by the
following lemma [2].

LEMMA 1.3. Suppose X(¢) solves problem (1.2) and for k=0, =1, =2,. .., ¢“@K) hag the
QR-decomposition
GX(k)) = K RK) (1.7
= 7
Then
Gtk 1) = RO (1.8)
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In other words, choosing G(z) = In z, we recover the classical QR-algorithm from the Toda
flow. It is also clear that the QR-algorithm with shifts is equivalent to the choice G(z) =
In(z — ¢).

Unfortunately, not very much is known about the global asymptotic behavior of X(¢) for
this general Toda lattice (1.2). For partial results, see e.g. [1-3, 8]. The analysis apparently
is much harder than that for (1.1). In this expository paper we shall study the dynamics of
X(1) only under the following assumptions:

(A1) X(0) = X, € R"*" is diagonalizable;

(A2) G(z)=z;

(A3) X, is an irreducible upper Hessenberg matrix.

One should note that the assumption (A3) is not restrictive at all, but rather ought to be
the way to proceed if one is really interested in numerical work because it can be shown [2]
that the resulting X(¢) is also irreducible and upper Hessenberg for all .

By Schur’s theorem, there exists a unitary matrix Uy such that

Xo=UsTUy (1.9)
where T is an upper triangular matrix. From (1.4) it follows that
X =U*0TU() (1.10)
with
U = UsQ()). (1.11)
Suppose also that the matrix 7 is diagonalized by P, i.e.
T = PAP™! (1.12)
where A = diag{A, ..., 4,}. Our major result is stated as follows.

THEOREM 1.1. If, in addition to assumptions (A1), (A2) and (A3), the matrix X also satisfies
(A4) all eigenvalues are real and Ay, > 4, > ... > A,, then as t— «

(1) the matrix X(r) converges to an upper triangular matrix,
(2) the matrix U(r) converges to the matrix obtained by orthonormalizing the columns of
P. and

(3) the matrix P~'U(z) converges to an upper triangular matrix.

The case when X is a Jacobi matrix (and hence a general symmetric matrix by a standard
tridiagonalization algorithm) has been studied extensively and its asymptotic behavior is well
known [3, 8. 11]. In [1] we have shown the global convergence property for normal matrices.
All these results are special cases of our current presentation. Although part of the resuits in
this paper can be obtained using standard techniques (as in [3] and [8]), we find that O.D.E.
approaches do offer better insight into old results.

This paper is organized as follows. Some preliminary facts are considered in Section 2. The
most important one is a new representation of the first column vector of the transformation
U(r). This turns out to be crucial in describing the total dynamics. In Section 3 we analyze the
dynamics of the transformation U(r) with the aid of the results in Section 2. As will be seen,
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the idea of invariant subspaces of a certain transformation matrix manifests the whole structure
of the w-limit set of the underlying differential system. Finally, we conclude this paper with
a brief discussion when complex-conjugate eigenvalues appear.

2. PRELIMINARIES
Notice that, by (1.5) and (1.11), U(¢) solves the problem

{U(r) = U(r) - TToX(7)

2.1
U(0) = U,. 2.1)
Let us denote the matrix U(z) in (1.11) as
U@ = [u(n), . . ., ult)] (2.2)
where u(t) is the ith column of U(f). Then (1.10) implies
Tnv "'xz'——_-_“':
N !
X21 X220 \ |
[u,,...,u,,] 133\, \\ | =7'-[u,,...,u,,:|. (2.3)
NN
N\
O e
The equality
k+1
21 Xt = Tuy (2.4)

obviously holds for each k = 1, . . ., n with the notation #,+; = X,+1., = 0. It is also true that
Xy = <u,~, Tu,) (25)
for all i and j where (-, *) is the inner product in C".
From (2.1), (2.4) and (2.5), it is hard to see

LEMMA 2.1. The first column u,(t) of U(r) satisfies the equation
ul = Tul - (ul, Tu1)u1. (26)

This equation is known as the Moser’s formula and was found in [3]. Direct computation also
shows

LEMMA 2.2. The solution to (2.6) is given explicitly by

eT’uo
w(t) = m, (2.7)

where uy is the first column of Uj.
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Suppose now the matrix P in (1.12) is written as

P=[pylaxn=[p1,- -, P4 (2.8)

with each column vector P; being normalized. Then the ith component wu;(r) of u;(¢) is given
by

21 Pik €%pi
un(t) = ——m — (2.9)
{2 2 Pik €% 0; }
j=ilé=
where
P"1u0= [ph- . .,p,‘]T (210)

are the coordinates of uy on the basis of columns of P.

It is really nice to have the explicit expression (2.9) for the exact solution u;(¢). It turns out
this is sufficient to determine the matrices X(¢) and U(¢) completely because of the following
important inverse algorithm [9].

THEOREM 2.1. Suppose B is an irreducible upper Hessenberg matrix with positive subdiagonal
elements and O is a unitary matrix, then Q and B are uniquely determined by the first column
of Q, provided A is given and B = Q*AQ.

For our application, we shall replace A by T, Q by U and B by X. From (1.10), (2.9) and
the above theorem, we know that X(¢) and U(t) are completely determined. The detailed
analysis is presented in the next section.

3. ASYMPTOTIC ANALYSIS

Primarily we shall be concerned about the case when (A4) is true.
Then from (2.9), we know

n

(A= A1)t
ik €
12'1 Dik Pk p

up(t) = —— 3 | |P:1 (3.1)
(13 puct-mmg| |7
j=1i4=
as t— =. More precisely we shall write
u(® = 1|p1 = O(eth), (3.2)

For simplicity of presentation, we shall denote |p1 by the same letter p,. Then by (2.5),

lp
lxn = Al = [uy, Tuy = A < || Tuy = Ay

= “T— Al” ||u1 - pl“ = 0 (e(lz—ll)l),

(3.3)
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and by (2.4),
| = Twy — xowl| ST = xollluy = pif (3.4)
’Y“ A. ‘ =0 (e(”"_“"
From the computational point of view, when x3(¢) is small enough, one would perform the
obvious deflation and continue the calculation on the resulting submatrix. In this paper.

however. we would like to show rigorously the exact dynamic behavior of X(r). From the
equality

XppUy + Xl + XUy = Tng (35)
we realize that verifying that x3(r) converges to zero is equivalent to verifying that the subspace

{uy, us} spanned by u; and u, converges to a subspace invariant under 7. To achieve this, we
define

=Py, (3.6)
foreachi=1,...,n. Then (2.4) implies
X vy + X0 = Avy. (3.7)
Equivalently, on the ith component we have
xnva + xava = Avg. (3.8)

It then follows for each / and j that

D {l —Yn‘l)' {A;_XI1)0;

— = — 2L glhm e (3.9)
vp (A= xwop T (= xn)pe;
Thiie Ffare = D it 3g traia that
11IUd 1U1 L.j = &L, It 1> LIUuc wuiat
Uiz _
—= = O(e™ (3.10)

(-.

2
as t— x=. In particular, for all i =3
o] < O(e=%K) (3.1

because va(f) is bounded for all ¢ and A, # 4. So the vector v, has been shown to converge
to a vector of the form [x, x,0,...,0]" where the x’s represent some values which will be
actually determined later. From (3. 6) uz(t) converges to a vector in the subspace {p1. p2}
spdnncu Uv clgenveaors D1 and D2 of 1 which cenamnv is invariant under 7. Furthermore.
since u, is orthogonal to u; (and hence p;), u, must converge to the normalized vector of
either p, — {(py, p2)p1 or its negative. This will determine the limits of v12(r) and v2(r) (and

hence x11(¢) and x2:(¢)) completely. In fact, from (2.5) and (3.11), it is not hard to see that
[x22 = Aol = O(e»™%)). (3.12)
Notice that (3.11) also implies

PR VN T 23 1o
A3 = UILC ).

—~
|95
—
(93]

~
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From (3.8) and (3.4), fori=2

X120n X12X2) ha— i
Sl o 2Tl o OfetRm Aoy 3.14
L2 A= Xy (e ) ( )
To apply induction, let us now assume that with a fixed m =3 we have shown for all
k = m — 1 the following relations

%k = 0 W) for i j=k (3.15)
Vjk
vk = O(e™-1=%Y  for >k (3.16)
Xpat k= Ot (3.17)
k-1
2 XekDir
_____’=‘U = Qe for i=k (3.18)
ik
kak _ Ak| - O(C(/’-k»l-/\k)f). (319)

We want to show how the same relations hold for k = m. From (2.7), we have

Xm0t F . oo F X 1m-10m-1F Xmom—10m = TUp 1. (3.20)

So

(’1‘-1' - xm-l,m—l)ui.m—l - ;1 Xy m—-1Uir
m=2

Ujm
(}Lj—xm—Lm—l)Uj,m—l E Xr.m-1Ujr

Uim

) (M = Xm-1.m-1) — ( rm—lUlr/Ui.m—l)
= ‘;‘~m-1 a3 : (3.21)
jom=-1
! (/.,-—x,,,-l,,,._l) (Z rm—lU/r/Ui.m—l)
It follows from (3.15) and (3.18) that fori,j=m
Uim L.
= O(e® )y, (3.22)
im
But then
Dim = O(elrm1 7m0y (3.23)

for { > m and also

Xp-1m = O(e%m175), (3.24)
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Now for i 2 m, observe

m—1

m-i
21 X, 0 Xm,m-1 < El xrmvir>
r= r=

Uim m~-2
(}»i _xm—l,m—l)vi,m—l - 2 Xrm-1Vir
r=t (3.25)

m-1

xm.m—l <’=21 xrmvir/vi,m—l>

= =N
v

m-2
(A-i —Xm-im-1) — (’; Xr,m—lvir/vi,m—l>

alAm-1—An)ry

where we have used facts (3.20), (3.18) and (3.24). The relation (3.23) shows that the subspace
{u, ..., un} spanned by uy, . . ., u, converges to the invariant subspace {py, . . ., p.} spanned
by eigenvectors py,. .., pn of T. Hence u, converges to the vector obtained by orthonor-
malizing p,, with respect to the limits of u(¢), . . ., un-((¢) as t— . By (2.5) and (3.23), it
is not hard to show

X = | = O (elit1= 40, (3.26)

Thus by mathematical induction, we have established the major result of theorem 1.1.

Remark. The above theorem can be proved alternatively from a well-known result in numerical
analysis concerning the convergence of the JR-algorithm together with the fact of continuous
dependence of the initial data for the system (1.2), see [2]. But what we have done above is
the reaily interesting point of this paper—we obtained the asymptotic behavior of the fiow
using O.D.E. techniques. The details that we present here clearly offer certain insights into
the dynamics involved in the old results.

To study what can happen when complex-conjugate pairs of eigenvalues appear, we replace
(A4) by

(AS5) all eigenvalues are real except A, = A, =a + biwithb#0and alsoa> A3 >... > A,

Then we have

ratol aT

€A ¢ TP :
vi(f) ~ , ,0,...,0 3.27
O~ a0 J 320

as 1—> % where

n ' ‘ 1/2

a(t)={21!p,n e®p1 + pp e“""pz!z} : (3.28)
4

It is clear that the vector u(f) keeps rotating in the plane {p;, p,} and does not converge at

all. If X is a normal matrix, then 7 can be chosen to be a diagonai matrix and the foliowing
convergence
rv..(f\ v.-fr\_l r a $B-|
x;{8)  xp(8) a b
N
[xzx(f) xzz(t)J ttb aJ

can be shown to exist [1]. If X, is a nonnormal, then it may happen that the above block
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becomes oscillatory instead of convergent. The simplest example can be found in [2] where
we showed the existence of such a periodic solution. In either case, however, by using the
argument that led to (3.9) and (3.10), we are still able to show (3.11) and, in fact, (3.16) for
k > 2. In other words, under assumption (AS), we may say that matrix converges essentially
(in the sense of [10]) to a quasi-upper triangular matrix which is the real-valued version of
Schur’s theorem, see [6].

12.
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