Stability Issue of RK Methods

• Apply a Runge-Kutta method to the test problem y0 = λy.

⋄ Define the global error ẽ_n := y(x_n) − y_n.

⋄ Denote h := λh, k = [k_1, . . . , k_R]^T and E := [1, . . . , 1]^T . ⋄ Observe that k = λEy_n + hBk, or equivalently, k = λ(I − hB)�^1Ey_n. ⋄ It follows that

e_{n+1} = e_n + hc^T (I − hB)�^1Ee_n + (local error due to truncation and round-off).

⋄ The growth factor is

r := 1 + hc^T (I − hB)�^1E.

⋄ The Runge-Kutta method is said to be absolutely stable on the interval (α, β) if |r| < 1 whenever h ∈ (α, β).

⋄ For R = 1, 2, 3, 4, all R-stage explicit Runge-Kutta methods of order R have the same interval of absolute stability. In each of these cases, r = 1 + h + 1 2 h^2 + . . . + 1 R! h^R. (0.1)